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fieldsóa method for theoretical analysis and its application

Tadej Kotnik ), Damijan Miklavcic, Tomaz Slivnik� � �
UniÕersity of Ljubljana, Faculty of Electrical Engineering, Trzaska 25, 1000 Ljubljana, SloÕenia� �

Received 2 July 1997; revised 24 October 1997; accepted 27 October 1997

Abstract

The paper describes a general method for analysis of time courses of transmembrane voltage induced by time-varying electric fields.
Using this method, a response to a wide variety of time-varying fields can be studied. We apply it to different field shapes used for

Ž .electroporation and electrofusion: rectangular pulses, trapezoidal pulses approximating rectangular pulses with finite rise time ,
Ž .exponential pulses, and sine RF -modulated pulses. Using the described method, the course of induced transmembrane voltage is

investigated for each selected pulse shape. All the studies are performed at different pulse durations, each for both the normal
physiological and the low-conductivity medium. For all the pulse shapes investigated, it is shown that as the conductivity of extracellular
medium is reduced, this slows down the process of transmembrane voltage inducement. Thus, longer pulses have to be used to attain the
desired voltage amplitude, as the influence of the fast, short-lived phenomena on the induced voltage is diminished. Due to this reason,
RF-modulation in such a medium is ineffective. The appendix gives a complete set of derived expressions and a discussion about possible
simplifications.q1998 Elsevier Science S.A.

Keywords: Electric field stimulation; Transmembrane voltage; Pulse shape; Pulse duration; Electroporation; Low-conductivity medium

1. Introduction

Exposure of a biological cell to electric field can produce a variety of profound biochemical and physiological responses.
w xMost of these responses are based on the modification of transmembrane voltage by the applied electric field 1ñ4 . If the

Ž .field strength exceeds a certain threshold value, this can lead to pore formation in the membrane electroporation or fusion
Ž . w xof adjacent cells electrofusion 5,6 . Nowadays, these phenomena are widely used in different applications, such as gene

w x w x w xtransfection 7 , preparation of monoclonal antibodies in immunochemistry 8 , and electrochemotherapy of tumors 9 . For
optimal effects of such applications, one must select the appropriate shape, duration and amplitude of the applied electric
field. This is only possible if the dynamics of transmembrane voltage induced by such a field can be evaluated.

If a spherical cell with no surface charge is exposed to a DC field, the steady-state value of transmembrane voltageDFm

is calculated by solving the Laplace partial differential equation, which governs static electric fields and reflects their
conservative properties. This approach yields the solution in form of the expression:

DF s fER cosu 1Ž .m

Ž .where E is the strength of the electric field which has to be DC for this expression to be valid ,R is the cell radius,u is
the polar angle measured with respect to the direction of the field, andf is a function reflecting the electrical and

w xgeometrical properties of the cell 10 :
2 2 33l 3dR l q 3d Ryd l ylŽ . Ž .o i m i

fs 2Ž .1 332R l q2l l q l y2 Ryd l yl l ylŽ . Ž . Ž . Ž .m o m i o m i mž /2

wherel , l and l are the conductivities of the cytoplasm, cell membrane, and extracellular medium, respectively,R isi m o

) Corresponding author. Tel.:q386-1-4768-768; fax: q386-1-4264-658; e-mail: tadej.kotnik@fe.uni-lj.si

0302-4598r98r$19.00q 1998 Elsevier Science S.A. All rights reserved.
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Fig. 1. The model on which the calculations were based. The cell is a sphere with radius ofR, enclosed by a membrane of uniform thicknessd. External
electric field is homogeneous and retains its orientation, though its strengthE changes with time. Specific conductivities and permittivities are attributed to

Ž . Ž . Ž .regions occupied by cytoplasml , ´ , membrane l , ´ and extracellular mediuml , ´ .i i m m o o

Ž .again the cell radius, andd is the membrane thickness. The meaning of the parameters used in Eq. 2 is also illustrated in
Fig. 1.

Often, a further simplification is made by assumingl <l , l , which reduces functionf into a constant,fs3r2.m i o
Ž .To analyzeDF in response to a step turn-on of a DC field, Eq. 1 is sometimes modified, presuming the exponentialm

shape of theDF in response to a step change ofE:m

t
DF t s fER cosu 1yexp y 3Ž . Ž .m ž /t

w xwheret is the time constant of the membrane given by Ref. 11 :

Rcm
ts 4Ž .2l l Ro i q lm2l ql do i

and c s´ rd is the membrane capacitance, with´ denoting the membrane permittivity.m m m

The described time constant approach can also be used in the case of rectangular pulses, since the turn-off of the electric
field is again a step change. However, electric fields with shapes different from rectangular, such as exponential, or
RF-modulated, are often used. In these cases, a different approach to the evaluation is needed.

In this paper, we present a general method for analysis of time courses of transmembrane voltage induced by
time-varying fields, and we use this method to study the fields commonly used for electroporation and electrofusion: single

Ž .rectangular pulses, trapezoidal pulses modeling rectangular pulses with rise time , exponential pulses, RF-modulated
pulses, as well as trains of such pulses.

Two remarks should be made before we proceed with the discussion of the problem. First, sincef andt are actually
Ž .functions, more rigorous rules of denotation would demand to imply this by writing the terms asf l , l , l , R, d andi m o

Ž .t l , l , l , ´ , R, d . For brevity, we avoid such denotation. Secondly, the calculations which lead to the describedi m o m
Ž .equations are based on two assumptions: A cell shape is presumed to be spherical; for a majority of cell types in a

Ž . Žsuspension, this is a fair approximation, but it does not hold for disc-shaped e.g., erythrocytes and rod-shaped cells e.g.,
. Ž .some types of bacteria ; and B applied electric field is treated as homogeneous and defined as the ratio between the

applied voltage and the distance between the electrodes; this approximation is only valid if two parallel plates are used as
electrodes, and the distance between the plates is much smaller than the size of the plates; often, wire electrodes are used

Ž .instead e.g., needle electrodes in poration of tissues in vivo , yielding a strongly nonuniform distribution of the field, which
w x Ž . Ž .can only be evaluated by means of numerical methods 12 . The two assumptions given by A and B provide the access to

the analytical approach and shall therefore be retained in the forthcoming calculations.
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2. Calculations

Ž .For the cases where electric field strength remains constant once the field is turned on, Eq. 1 can be used to give the
Žsteady-state solution. If cytoplasm, membrane and extracellular medium were all purely conductive having no dielectric

.permittivity , this equation would also yield transmembrane voltage induced at any given moment in response to the
momentary value of electric field strength. Any material, however, demonstrates a certain amount of permittivity. 1 When it

Žis exposed to electric field, voltage induced on the material consists of two components; the first due to the conductivity of
. Ž .the material is proportional to the electric field strength, while the other due to the permittivity of the material is

w xproportional to the time derivative of electric field strength 13 . In order to account for these permittivities, instead of
conductivities of the materials, the more general admittiÕity operators have to be used:

d
Lslq´ 5Ž .

d t

Ž . Ž . Ž . Ž .where dr d t is a differential operator that transforms a differentiable function y t into its time derivative d y r d t .
By taking the function f and substituting L , L , and L for l , l , and l , respectively, we obtain the followingi m o i m o

expression:

2 2 33L 3dRL q 3d Ryd L yLŽ . Ž .o i m i
Fs . 6Ž .1 332 R L q2L L q L y2 Ryd L yL L yLŽ . Ž . Ž . Ž .m o m i o m i mž /2

Ž .F is a function of three differential operators L , L , and L and can thus itself be treated as a structured, higher-orderi m o
w xdifferential operator 14 . To avoid dealing with differential operators, we transfer the analysis into complex-frequency

Ž .space, where time derivatives are replaced by multiplication by the complex frequency denoted by s . Here, the admittivity
operator is formulated as:

Lslq´ s. 7Ž .
Ž . Ž .If the terms L , L , and L in Eq. 6 are written according to Eq. 7 , and the result is then expanded, we get thei m o

expression of the following type:

a s2qa sqa1 2 3
F s s 8Ž . Ž .2b s qb sqb1 2 3

where

a s3dl l 3R2y3dRqd2 ql 3dRyd2 , 9aŽ . Ž . Ž .Ž .1 o i m

a s3d l ´ ql ´ 3R2y3dRqd2 q l ´ ql ´ 3dRyd2 , 9bŽ . Ž . Ž . Ž . Ž .Ž .2 i o o i m o o m

a s3d´ ´ 3R2y3dRqd2 q´ 3dRyd2 , 9cŽ . Ž . Ž .Ž .3 o i m

1 33b s2 R l q2l l q l q2 Ryd l yl l yl , 9dŽ . Ž . Ž . Ž . Ž .1 m o m i m o i mž /2

1 1 33b s2 R l ´ q´ ql ´ q2´ q2´ ql ´ q2´ q2 RydŽ . Ž .2 i m o m i m o o i mž / ž /ž /2 2

= l ´ y´ ql ´ y2´ q´ yl ´ y´ , 9eŽ . Ž . Ž . Ž .Ž .i m o m i m o o i m

1 33b s2 R ´ q2´ ´ q ´ q2 Ryd ´ y´ ´ y´ . 9fŽ . Ž . Ž . Ž . Ž .3 m o m i m o i mž /2

Ž .In the same manner as function f would be more consistently denoted as f l , l , l , R, d , function F should be writteni m o
Ž .as F l , l , l , ´ , ´ , ´ , R, d, s , thus, implying its dependence on all of these parameters. Again, for the brevity, wei m o i m o

Žchoose to explicitly indicate only the dependence of F on s since this is the only dynamic parameter for a single

1 Ž .The term ‘permittivity’ implies the total permittivity of the material, i.e., the product of the relative permittivity of the material e.g., ´ s81 andr water
Ž y1 2 y1 y1.the dielectric constant of the vacuum ´ s8.854=10 A s V m .o
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Ž . Ž . y1Fig. 2. The general principle used in the calculation of DF t induced by E t . LL represents the Laplace transform, and LL the inverse Laplacem
Ž . Ž . Ž . Ž . Ž .transform. E t is first transformed into E s , which is then multiplied by F s to give DF s rR. The normalized time course DF t rR is thenm m

obtained as the inverse transform.

. Ž .calculation—for other parameters, numerical values are inserted . Based on Eq. 1 and the introduced modifications, the
relation between E and DF in the complex-frequency space is given by:m

DF s sF s E s R cos u 10Ž . Ž . Ž . Ž .m

Ž . Ž . Ž . Ž . Ž . Ž .where DF s and E s are Laplace Heaviside transforms of the time courses DF t and E t , respectively, and F s ism m
Ž .given by Eq. 7 .

Ž .The described approach allows the induced transmembrane voltage to be calculated for any time course E t , provided
Ž Ž . .that it can be transformed into the complex-frequency space i.e., provided that its Laplace transform E s exists . The

Ž . Ž . Ž .product F s E s represents DF s at us0, normalized to the cell radius, and the inverse Laplace transform yieldsm
Ž .DF t at us0, normalized to R. The concept of the method is sketched in Fig. 2. One then multiplies the expression by Rm

Ž .to scale the response, and by cos u to obtain the spatial distribution of induced transmembrane voltage.
Ž .General solutions describing responses to rectangular, triangular, trapezoidal, exponential, and sine RF -modulated

pulses are given in Appendix A. In Section 3, we focus on specific time courses obtained from these solutions by insertion
of numerical values of the parameters.

The cosine distribution of DF on the cell membrane is retained in all cases and at any moment. Therefore, them
Ž . Ž .multiplicative term cos u will be left out in further analysis thus, we study DF at us0 . Also, for the clarity ofm

Ž . Ž .reasoning, values of the geometrical R and d and electrical parameters l , l , ´ , ´ , and ´ will be kept constanti m i m o
Ž .throughout the analysis. The only exception will be made for the extracellular medium conductivity l . While theo

permittivity of the extracellular medium is mostly dictated by its prevalent constituent, i.e., water, the medium conductivity
strongly depends on the ionic concentrations in the medium. Since in different reports of experiments in vitro conductivity

w xof the medium varies for at least two orders of magnitude 15–17 , we will consider two particular cases—a physiological
Ž . Ž .medium with l ;l and a typical low-conductivity medium l <l . Values of all the parameters are given in Tableo i o i

1.

Table 1
Values of electric and dimensional parameters used in the calculations

Parameter Denotation Value
y1 y1 aCytoplasmic conductivity l 3.0=10 S mi
y10 y1 y1 bCytoplasmic permittivity ´ 7.1=10 A s V mi
y7 y1 c,dMembrane conductivity l 3.0=10 S mm
y11 y1 y1 eMembrane permittivity ´ 4.4=10 A s V mm
y1 y1 f y2 y1 gŽ . Ž .Extracellular medium conductivity l 3.0=10 S m physiological medium , 1.0=10 S m low-conductivity mediumo
y10 y1 y1 bExtracellular medium permittivity ´ 7.1=10 A s V mo

hCell radius R 10 mm
hMembrane thickness d 5 nm

a y1 y1 y1 y1 w xReported values range between 2.0=10 S m and 5.5=10 S m 18–20 .
b Ž .A typical permittivity of an aqueous solution relative permittivityf80 .
c w xGascoyne et al. 21 .
d w x w xFrom Hu et al. 22 , using conversion method given by Arnold et al. 17 .
e w x y1 1Measured values of relative membrane permittivity lie between 4.5 and 6.5 21 ; relative membrane permittivity of 5 corresponds to ´ f4.4=10 A sm

y1 y1 y2 y2 w x y1 1V m ; a similar result is obtained from the data on membrane capacitance—from c f10 F m 17,23,22,24 we get ´ sc df5.0=10 Am m m

s Vy1 my1.
fSet at equal value as l .i
g y3 y1 y2 y1 w xReported values range from 1.0=10 S m to 5.0=10 S m 17,25–27 ; many authors do not give the value of l .o
h w xAlberts et al. 28 .
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3. Results and discussion

3.1. Rectangular pulses

w x Ž .Rectangular pulses are often used in electroporation and electrofusion 15,29,30 . It is sensible to first focus on DF tm

induced by an ideal rectangular pulse, thus, elucidating the effect of electrical properties of the medium on the relation
Ž . Ž .between E t and DF t . Then, by accounting for rise time of the pulse produced by a realistic generator, we can alsom

analyze the role of generator features.
Ž . Ž .The derivation of DF t in response to an ideal rectangular pulse is given by Eq. A7 in Appendix A. Fig. 3 showsm

time courses of DF induced by three rectangular pulses with durations of 200 ns, 1 ms, and 5 ms, respectively, each ofm

them plotted for both a physiological and a low conductivity medium.
Fig. 3 shows that the induced transmembrane voltage is formed much slower when the medium conductivity is low.

Pulses longer than 10 ms, however, suffice for DF to reach the steady-state value even in a low conductivity medium.m
ŽWith such pulses, for a purpose of only evaluating this steady-state value which still depends on the conductivities and

. Ž .dimensions of the cell , the simpler Eq. 1 can be used.

( )3.2. Trapezoidal pulses rectangular pulses with rise time

Pulses produced by a realistic generator are always characterized by a certain rise time. To account for this, we presumed
Ž Ž .the trapezoidal shape of the generated pulse this is certainly a simplification, since the course of E t during the rise time is

. Ž .generally nonlinear . The time course of DF in response to a trapezoidal pulse is given by Eq. A11 in Appendix A.m

Since rise times of modern pulse generators never exceed several tenths of a microsecond, and the induced DF onlym
Žreaches a very small fraction of its final value during such a short time presuming that the pulse duration is long enough to

Ž . .obtain a substantial response, e.g., case c in Fig. 3 , the response induced by a trapezoidal pulse with such a short rise time
is practically equivalent to the response induced by a rectangular pulse of the same duration. Setting the pulse duration
significantly longer than the rise time is the only sensible choice if the pulse is to resemble a rectangular shape, which is
generally desired.

Ž . Ž . Ž . Ž . Ž . Ž .Fig. 3. A rectangular pulse left and the induced DF t right . a T s200 ns; b T s1 ms; c T s5 ms. The thicker line corresponds to them 1 1 1
Žresponse in a physiological medium, and the thinner line to the response in a low-conductivity medium. The dotted line gives the value of 3r2 ER the

Ž . .steady-state value of DF , at us0, according to the most simplified relation between E and DF , see Eq. 2 and the subsequent commentary . Form m

parameter values used in the calculations, see Table 1.
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Ž . Ž . Ž . Ž . Ž . Ž .Fig. 4. An exponential pulse left and the induced DF t right . a t s1 ms; b t s5 ms; c t s20 ms. The thicker line corresponds to them p p p

response in a physiological medium, and the thinner line to the response in a low-conductivity medium. The dotted line gives the value of 3r2 ER.

3.3. Exponential pulses

w xExponentially decaying pulses are also widespread in the applications 31–33 . Since the inducement process is not
Ž .instantaneous, it is obvious that with pulses of this shape, neither the steady-state Eq. 1 , nor the first-order response given

Ž . Ž .by Eq. 3 enables the evaluation of the induced voltage. The derivation of DF t in response to an exponentialm
Ž . Ž .exponentially decaying pulse is given by Eq. A12d in Appendix A. Fig. 4 shows time courses of DF induced by threem

such pulses, with time constants of 1 ms, 5 ms, and 20 ms, respectively, each of the responses plotted for both a
physiological and a low conductivity medium.

ŽBecause the exponential pulses are inherently time-varying, the influence of pulse duration determined here by the time
.constant of the pulse on the shape of DF and its maximum value is probably most apparent with this type of pulses.m

Typical time constants of the pulses used in experiments lie in the range of ms, and focusing on the range of first several ms
of such pulse, provided that the physiological medium is used, the pulse resembles a rectangular pulse. Therefore, we can

Ž .evaluate the peak value of the induced voltage using the Eq. 1 without any crucial inaccuracy. On the other hand, a
decrease in medium conductivity slows the inducement process significantly. As Fig. 4 shows, it is generally very hard to

Ž . Ž . Ž . Ž . Ž .Fig. 5. A sine wave left and the induced DF t right . a vr2ps100 kHz; b vr2ps1 MHz. The thicker line corresponds to the response in am

physiological medium, and the thinner line to the response in a low-conductivity medium.
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Ž . Ž . Ž . Ž . Ž .Fig. 6. A train of rectangular pulses left and the induced DF t right . a T s200 ns, T s400 ns; b T s1 ms, T s2 ms. The thicker linem 1 2 1 2

corresponds to the response in a physiological medium, and the thinner line to the response in a low-conductivity medium. The dotted line gives the value
of 3r2 ER.

predict the peak value of the induced voltage, since the shape of the response strongly depends on the medium conductivity
Ž .it is influenced by other parameters as well .

3.4. Sine-modulated pulses

In the recent years, several papers have reported an improved efficiency of electroporation and electrofusion obtained by
w xmodulation of rectangular pulses with a radio-frequency sinewave 34,35 . Without getting involved in the discussion about

the mechanisms of improved efficiency, we present the analysis of the time courses of DF induced by a sine-shapedm

electric field. Since the response induced by a modulated pulse is a combination of responses to a rectangular pulse and to a
Ž .sine wave, the effect of the latter component is best studied separately. The derivation of DF t in response to a sine wavem

Ž . Ž .is given by Eq. A14d in Appendix A, while the response to a sine-modulated rectangular pulse is derived in Eq. A16 .
Fig. 5 shows time courses of DF induced by two sine waves with frequencies of 100 kHz and 1 MHz, respectively. Eachm

response is plotted for both a physiological and a low conductivity medium.
We see that with increasing frequency, the amplitude of the induced DF decreases. Since the low conductivity mediumm

slows down the dynamics of voltage inducement, the attenuation of the oscillations in the induced transmembrane voltage
occurs at much lower frequencies. Therefore, the efficacy of modulation in such a medium is questionable.

3.5. Trains of pulses

When trains of pulses are applied, the gap between consecutive pulses is in most cases much larger than the pulse
duration. Therefore, the transmembrane voltage induced by a pulse practically disappears before the next pulse occurs.
Response to each pulse is dictated by this pulse only and can be treated separately from the responses to other pulses. The
gap between pulses can, however, be decreased to such an extent that the next pulse starts before the response to the
previous one completely fades away. In this case, the impact of superposition of single responses becomes evident. Fig. 6
shows two examples of responses to such trains of rectangular pulses.

4. Conclusions

Besides providing a tool for general analysis of time courses of transmembrane voltage induced by different time-varying
electric fields, the presented method allows to calculate a particular response to a pulse of given shape and duration, time
constant, or modulation frequency. In this manner, the method can be used when deciding on the pulse parameters that

Ž .would provide a specific value of induced transmembrane voltage and or retain this value for a specific duration.
Ž .There is another important though at the present time still hypothetical utilization of the presented method. As the

computer capabilities increase, molecular dynamics simulations of lipid bilayers promise to reach time ranges of
w xmicroseconds within several years 36 . Since the time of pore formation in electroporation is also estimated to lie within the

w xmicrosecond range 15,37 , the opportunity could soon arise to simulate electroporation on a molecular level. For such a
simulation to yield realistic results, it is essential to model all the details as authentically as possible, including exact time
course of transmembrane voltage induced by a given pulse of electric field strength.

One of the important conclusions of this study is the necessity to determine the conductivity of the medium used in a
particular experiment. This conductivity strongly influences the dynamics of induced transmembrane voltage, and hence
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Table 2
Critical values of pulse parameters

Pulse type Parameter Critical value Explanation
aRectangular Pulse duration -1 ms Induced voltage does not reach 90% of the steady-state

b-13 ms value predicted by DF s3r2 ER cosum

aExponential Time constant -20 ms Induced voltage does not reach 90% of the steady-state
b-260 ms value predicted by DF s3r2 ER cosum

a Ž .Sine-modulated Sine frequency )170 kHz Amplitude ratio between the offset and the sine in DF tm
b Ž .)14 kHz falls below 90% of the same ratio in E t

a Ž .)5.5 MHz Amplitude ratio between the offset and the sine in DF tm
b Ž .)600 kHz falls below 10% of the same ratio in E t

a Ž y1 y1.Physiological medium l s3.0=10 S m .o
b Ž y2 y1.Low conductivity medium l s1.0=10 S m ; other values used in this estimation are given in Table 1.o

Žimposes the range of pulse duration and, though to less extent, the pulse amplitude; a thorough treatise of this problem is
w x.given in Ref. 10 . Fig. 5 gives an illustrative example of this influence, as the use of low conductivity medium practically

eliminates the response to a 1 MHz sine wave.
Ž .Generally, each pulse shape is characterized by a key parameter e.g., pulse duration, time constant, or sine frequency .

Ž .One can define a certain critical value of this parameter, above or below which the differences between the steady-state
Ž Ž .. Ž .results given by Eq. 1 and the dynamic analysis based on the expressions for the time courses given in Appendix A

become obvious. Table 2 gives the key parameters of investigated pulse shapes and the estimations of pertaining critical
values for both physiological and low conductivity medium.

Another very important value to bear in mind when designing the pulses for electroporation or electrofusion is the radius
of the cells used in the experiment, since the amplitude of induced transmembrane voltage strongly depends on cell radius, 2

Ž . Ž .as Eqs. 6 and 10 reveal.
Finally, we should also mention that the presented model, though already fairly complex, does not account for the fact

that permittivity of any material is also frequency dependent. This dependence becomes apparent when components in the
Ž . w xMHz range are present in the harmonic spectrum of E t 38 . Some dielectrophoretic and electrorotational measurements

Ž .imply that even in highly conductive extracellular solutions, very short pulses or very high field frequencies consistently
w xinduce lower transmembrane voltage than predicted theoretically 39,23 . If the model was expanded further by taking into

account the frequency-dependent behavior of ´ , ´ , and ´ , it might offer an explanation for these results.i m o
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Appendix A

A.1. General principles

Ž .As shown in Fig. 2, three steps are necessary to obtain the time course of transmembrane voltage DF t induced by am
Ž . Ž .given time course of electric field strength E t . First, the Laplace transform of E t is calculated:

E s sLL E t A1Ž . Ž . Ž .
Ž .DF s is then obtained asm

DF s sE s PF s PR cos u A2Ž . Ž . Ž . Ž .m

Ž .and the inverse Laplace transform of this expression yields the time course DF t :m

y1DF t sLL DF s . A3Ž . Ž . Ž .m m

Ž .This method is useful for simple mathematical functions E t , for which both the Laplace transform and the inverse

2 Ž . Ž .A first look at Eq. 10 might suggest that the amplitude of DF is exactly proportional to R. This is not true, however, since F s is also a functionm

of R.
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Ž .Fig. 7. An example of two consecutive applications of superposition principle. a Superposition of two oppositely signed step functions gives a rectangular
Ž .pulse. Due to the linearity of the transforms, superposition of responses to these step functions yields a response to this rectangular pulse. b Superposition

Ž .of shifted pulses yields a train of pulses, and superposition of responses to single pulses which were constructed by the first superposition results in the
response to the train.

Ž . Ž . Ž .transform of corresponding DF t given by Eq. A2 are easily calculated. As for the more complex functions E t , manym

of them can be represented in the form of a linear combination of these simple functions:

E t sK PE t qK PE t q . . .qK PE t . A4Ž . Ž . Ž . Ž . Ž .1 1 2 2 n n

Ž .Since both the Laplace transform and the inverse Laplace transform are linear operations, the response DF t inducedm
Ž . Ž Ž ..by E t which conforms to Eq. A4 can be obtained as a sum of partial responses, i.e.,

DF t sK PDF t qK PDF t q . . .qK PDF t A5Ž . Ž . Ž . Ž . Ž .m 1 m1 2 m 2 n m n

Ž . Ž . Ž .where DF t denotes the response to E t alone. Based on this property, DF t induced by a rectangular pulse ofm i i m

amplitude E and duration T can be calculated as a sum of two step responses bearing opposite signs, with amplitudes qE0 0

and yE , the second step response delayed for T with respect to the first one. Similarly, a response to trapezoidal pulse of0

duration T and rise time T is obtained as a sum of four ramp responses, the last three shifted after the first one by T ,on on
Ž . ŽTyT presuming thereby T sT , and T , respectively the terms signed q, y, y, and q, respectively, for a positiveon off on

.pulse . Using the rules of linearity once again, we can take the obtained pulse response and consecutively superimpose an
Ž .array of shifted pulse responses, thus determining the response to a series train of pulses. The described example of

multilevel superposition is sketched in Fig. 7.

A.2. Rectangular pulses

Ž . Ž .We first calculate DF t induced by the unit step function we denote the step response by DF :m m1

E t su t A6aŽ . Ž . Ž .0

1
E s s A6bŽ . Ž .

s

DF s a qa sqa s2Ž .m1 1 2 3sF s PE s s A6cŽ . Ž . Ž .2 3R b sqb s qb s1 2 3
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a b a b1 2 3 2ya q2 tDF t a a aŽ . 2b 2bm1 3 1 3 1 3 ys Pu t q y q P 1ye Pu tŽ . Ž .tž /0 012R b 2b 2b (b y4b b3 1 3 2 1 3

a b a b1 2 3 2ya q2 ta a 2b 2b1 3 1 3 yq y y P 1ye Pu t . A6dŽ . Ž .tž / 0222b 2b (b y4b b1 3 2 1 3

Ž . Ž . Ž . Ž . Ž . Ž .The constants from a up to b are given by Eqs. 9a , 9b , 9c , 9d , 9e and 9f in the main text, and the time1 3

constants t and t are given by:1 2

2b3
t s , A6eŽ .1 2(b y b y4b b2 2 1 3

2b3
t s . A6fŽ .2 2(b q b y4b b2 2 1 3

Ž .We choose to represent the powers of the exponential parts in Eq. A6d in terms of t and t , because the time1 2
Ž . Ž . Ž .constants given by Eqs. A6e and A6f characterize the responses to all the treated functions E t , as we shall see later.

Ž . Ž . Ž .Eq. A6d gives the response normalized to both the cell radius R and the amplitude of electric field strength E . To
Ž .obtain the actual response, the amplitude has to be scaled by both R and E. A closer look at Eq. A6d reveals that at t™0

the normalized response equals a rb , and with t™` it approaches a rb .3 3 1 1

To obtain the response to a rectangular pulse, we combine two step responses, as described before and illustrated in
Fig. 7:

DF t sDF t Pu t yDF tyT Pu t A7Ž . Ž . Ž . Ž . Ž . Ž .m m1 0 m1 1 T1

where T is the pulse duration.1

Using the superposition principle once again, we can formulate the response to a train of pulses as:
`

DF t s DF tykT Pu t yDF tyT ykT Pu t A8Ž . Ž . Ž . Ž . Ž . Ž .Ž .Ým m1 2 kT m1 1 2 T qkT2 1 2
ks0

Ž .where T is again the pulse duration, and T is the pulse period time elapsed between consecutive pulses . To evaluate the1 2

response in a finite time range, e.g., up to tsT , one only has to evaluate the sum up to ksT rT .fin fin 2

A.3. Triangular and trapezoidal pulses

To analyze the response to a triangular or a trapezoidal pulse, we first determine the response induced by the unit ramp
Ž .function, denoting this response by DF t :m t

E t s t Pu t A9aŽ . Ž . Ž . Ž .0

1
E s s A9bŽ . Ž .2s
DF s a qa sqa s2Ž .m t 1 2 3sF s PE s s A9cŽ . Ž . Ž .2 3 4R b s qb s qb s1 2 3

2a b a b a b1 3 2 2 1 2q y ya32 tDF t a a a b b 2bŽ . 2bm t 1 2 1 2 1 1 1 ys P tPu t q y q P 1ye Pu tŽ . Ž .tž /0 012 2R b 2b 2b (b y4b b1 1 1 2 1 3

2a b a b a b1 3 2 2 1 2q y ya32 ta a b b 2b 2b2 1 2 1 1 1 yq y Ž . Ž .tž / 022 22b 2b (b y4b b1 1 2 1 3

Ž . Ž . Ž . Ž . Ž . Ž .where the constants from a up to b are given by Eqs. 9a , 9b , 9c , 9d , 9e and 9f in the main text, while t and t1 3 1 2
Ž . Ž .are defined by Eqs. A6e and A6f , respectively.

y P 1ye Pu t A9d
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The response to a symmetrical triangular pulse of duration T is then given by:1

T1
DF t sDF t Pu t y2PDF ty Pu t qDF tyT Pu t A10Ž . Ž . Ž . Ž . Ž . Ž . Ž .m m t 0 m t m t 1 TT 11ž /2

2

whereas the response to a symmetrical trapezoidal pulse of duration T and rise time T is expressed as:1 on

DF t sDF t Pu t yDF tyT Pu t yDF ty T yT u t qDF t tyT u t .Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .m m t 0 m t on T m t 1 on T yT m t 1 Ton 1 on 1

A11Ž .
To obtain the response to a train of pulses, we gather a series of shifted pulse responses into a sum on the analogy of the

Ž .principle presented by Eq. A8 .

A.4. Exponential pulses

Ž .For an exponentially decaying pulse with time constant t , we denote the induced transmembrane voltage by DF tp mexp

and compute:
t

yE t se Pu t A12aŽ . Ž . Ž .t 0p

1
E s s A12bŽ . Ž .1

sq
tp

DF s a qa sqa s2Ž .mexp 1 2 3sF s PE s s A12cŽ . Ž . Ž .
2 y1R b qb sqb s sqtŽ . Ž .1 2 3 p

2 tDF t a t ya t qaŽ .mexp 1 p 2 p 3 ys Pe Pu tŽ .t 0p2R b t yb t qb1 p 2 p 3

2a b a b a b a b b a b a b3 1 3 2 1 2 3 1 2 2 2 3 2ya Pt qa y a b y y Pt qa b ya b y q1 p 2 2 1 p 1 3 3 1ž / ž /b b 2 2b 2 2b3 3 3 3q q
2 2 22P b t yb t qb (b t yb t qb b y4b bŽ .1 p 2 p 3 Ž .1 p 2 p 3 2 1 3

t
yPt Pe Pu tŽ .tp 01

2a b a b a b a b b a b a b3 1 3 2 1 2 3 1 2 2 2 3 2ya Pt qa y a b y y Pt qa b ya b y q1 p 2 2 1 p 1 3 3 1ž / ž /b b 2 2b 2 2b3 3 3 3q y
2 2 22P b t yb t qb (b t yb t qb b y4b bŽ .1 p 2 p 3 Ž .1 p 2 p 3 2 1 3

t
yPt Pe Pu t . A12dŽ . Ž .tp 02

This solution already gives a response to an exponential pulse. To obtain a response to a train of exponential pulses, we
Ž .again follow the logic presented by Eq. A8 , only this time the expression is even simpler. For a pulse period T , it reads:2

`

DF t s DF tykT u t A13Ž . Ž . Ž . Ž .Ým mexp 2 kT2
ks0

( )A.5. Sine RF -modulated pulses

Ž .First, we calculate the transmembrane voltage DF induced by a sine-shaped E t :msin

E t ssin v tPu t A14aŽ . Ž . Ž .0

v
E s s A14bŽ . Ž .2 2s qv

DF s v a qa sqa s2Ž . Ž .msin 1 2 3s A14cŽ .2 2 2R b qb sqb s s qvŽ .Ž .1 2 3
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DF t a b q a b ya b ya b v 2qa b v 4Ž . Ž .msin 1 1 2 2 1 3 3 1 3 3s Psin v tPu tŽ .02 2 2 2 4R b q b y2b b v qb vŽ .1 2 1 3 3

a b ya b vq a b ya b v 3Ž . Ž .2 1 1 2 3 2 2 3q Pcos v tPu tŽ .02 2 2 2 4b q b y2b b v qb vŽ .1 2 1 3 3

2a b b a b2 1 2 1 22a b ya b b y q3 1 1 1 3a b a b1 2 2 1 2 2y q
22 2 (b y4b b2 1 3

q 2 2 2 2 4b q b y2b b v qb vŽ .1 2 1 3 3

2a b b a b2 2 3 3 22a b ya b b y q1 3 3 1 3a b a b2 3 3 2 2 2y q
22 2 (b y4b b t2 1 3 2 yq v PvPe Pu tŽ .t 012 2 2 2 4b q b y2b b v qb vŽ .1 2 1 3 3

2a b b a b2 1 2 1 22a b ya b b y q3 1 1 1 3a b a b1 2 2 1 2 2y y
22 2 (b y4b b2 1 3

q 2 2 2 2 4b q b y2b b v qb vŽ .1 2 1 3 3

2a b b a b2 2 3 3 22a b ya b b y q1 3 3 1 3a b a b2 3 3 2 2 2y y
22 2 (b y4b b t2 1 3 2 yq v PvPe Pu t . A14dŽ . Ž .t 022 2 2 2 4b q b y2b b v qb vŽ .1 2 1 3 3

To obtain a response to a sine-modulated step function, we add the step response to the calculated response:

DF sDF qDF A15Ž .msmp msin m1

Ž .where it is presumed that both responses have already been scaled: DF by R and the amplitude of sine-shaped E t , andmsin
Ž .DF by R and the amplitude of step-shaped E t . To get a response to a sine-modulated pulse with duration T , we simplym1 1

Ž .have to take the response given by Eq. A15 , and subtract an equivalent response at tsT :1

DF t sDF t Pu t yDF tyT Pu t . A16Ž . Ž . Ž . Ž . Ž . Ž .m msmp 0 msmp 1 T1

Ž .The response to a train of sine-modulated pulses is then calculated using the principle from Eq. A8 .

A.6. Possible simplifications of the calculated expressions

Using a computer, one can easily evaluate the expressions given in the preceding subsections. Nevertheless, when
realistic values of the parameters are considered, these suggest several possibilities for simplifications. Firstly, membrane
conductivity is by several orders of magnitude smaller compared to the conductivities of the cytoplasm and the extracellular

Ž .medium see Table 1 :

l <l , l . A17Ž .m i o
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Secondly, membrane thickness is about a thousand-fold smaller than cell radius:

d<R A18Ž .
Ž . Ž . Ž .One generally justifiable simplification emerges from a thorough analysis of expressions in Eqs. A6d , A9d , A12d and

Ž . Ž .A14d . Using realistic values of the parameters see Table 1 , it shows that the amplitude of the exponential term involving
Ž .t is always much smaller at least four orders of magnitude than the amplitude of the term involvingt . Thus, the partial2 1

response pertaining tot can be neglected without serious consequences, giving the system an apparent first-order nature.2
Ž . Ž . Ž .Based on Eqs. A17 and A18 , some terms in the expressions describinga , a , a , b , b , and b , given by Eqs. 9a ,1 2 3 1 2 3

Ž . Ž . Ž . Ž . Ž .9b , 9c , 9d , 9e and 9f , appear negligible in comparison to the others. One should, however, be very careful when
deciding to eliminate these terms. Since the apparently largest terms often cancel out after a full expansion of the
expression, the seemingly negligible terms that included, or l , sometimes play a major role in determination of them

Ž .response. An example of an invalid simplification can be illustrated using expression fort , given by Eq. A6e ; if1

expressions describingb , b and b are primarily modified by eliminating the terms involvingl , and then inserted into1 2 3 m
Ž .Eq. A6e , the computation yieldst s0, which is obviously wrong. If, however, all the terms are retained until the1

expression is fully expanded, and the approximations are applied to this expression, one obtains a solution which yields a
Ž .more plausible estimation oft due to the size of the expanded expression, we avoid its explicit formulation here .1

Commonly, an additional postulation is used that both the extracellular medium and the cytoplasm are purely conductive:

´ s´ s0. A19Ž .i o

As all the terms involvinǵ and ´ are left out, the size of the expression is vastly reduced. Though in case of a generali o

system, the appropriateness of this procedure may be questioned, when used with the parameter values representative for a
cell suspension, the resulting expression

R´ l q2lŽ .m i o
t s A20Ž .1 Rl l q2l q2dl lŽ .m i o i o

Ž .can be shown to never deviate more than 2% from the complete expression given by Eq. A6e .
Ž .Expressing ´ rd as membrane capacitancec yields the well-known expression for the time constant of them m

w xmembrane as given by Pauly and Schwan 11 :

Rcm
t s . A21Ž .1 2l l Ri o q lml q2l di o
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Second-Order Model of Membrane Electric Field
Induced by Alternating External Electric Fields

Tadej Kotnik* and Damijan Miklav̌cič

Abstract—With biological cells exposed to ac electric fields
below 100 kHz, external field is amplified in the cell membrane by
a factor of several thousands (low-frequency plateau), while above
100 kHz, this amplification gradually decreases with frequency.
Below 10 MHz, this situation is well described by the established
first-order theory which treats the cytoplasm and the external
medium as pure conductors. At higher frequencies, capacitive
properties of the cytoplasm and the external medium become
increasingly important and thus must be accounted for. This leads
to a broader, second-order model, which is treated in detail in
this paper. Unlike the first-order model, this model shows that
above 10 MHz, the membrane field amplification stops decreasing
and levels off again in the range of tens (high-frequency plateau).
Existence of the high-frequency plateau could have an important
impact on present theories of high-frequency electric fields effects
on cells and their membranes.

Index Terms—AC electric fields, electric field stimulation, mem-
brane electric field, membrane electrodynamics, transmembrane
voltage.

I. INTRODUCTION

EXPOSURE of biological cells to electric fields can lead to
a variety of biophysical and biochemical responses. Appli-

cations based on these responses can roughly be divided into two
groups. The first group uses electric fields as a tool to modify
various properties of the cells. Herein are the applications that
utilize the increase in membrane permeability caused by electric
fields for introduction of various molecules into cells [1]–[3],
insertion of molecules into cell membranes [4], [5], and fusion
of cells [6], [7]. The second group of applications uses electric
fields and currents as tools to characterize various properties of
biological cells or their constituents, both in suspensions and in
tissues. Among the most important approaches in such charac-
terization is the evaluation of cell’s response to electric fields
at different frequencies. By varying the frequency of the field,
values of the measured parameters form spectra: frequency de-
pendence of bulk dielectric permittivity of a suspension or tissue
constitutes its dielectric relaxation spectrum [8], frequency de-
pendence of the cellular angular velocity in rotating electric
fields forms the electrorotational spectrum [9], and frequency
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dependence of the cellular translational velocity in nonuniform
alternating fields is the dielectrophoretic spectrum [10]. With
these methods, various physical quantities can be determined
that are difficult to assess by direct measurement (e.g., conduc-
tivity and capacitance of the membrane and the cytoplasm).

The basic mechanism underlying majority of these methods
is the inducement of potential difference across the membrane
by the external electric field, which results in the transmembrane
voltage (TMV) and membrane electric field. When induced by
ac fields, these quantities depend on frequency, and the knowl-
edge of this dependence is of significant importance for the un-
derstanding of more complex phenomena, such as the spectra
mentioned above.

The classical theory of transmembrane voltage induce-
ment has been developed in the 1950’s by H. P. Schwan and
co-workers [11], [12]. In this theory, both the cytoplasm and the
extracellular medium are described as purely conductive (i.e.,
having nonzero conductivity, but zero dielectric permittivity),
while the membrane is treated as a lossy dielectric (i.e., having
both nonzero conductivity and permittivity). This leads to
the description of the inducement as a first-order process
characterized by a time constant [12]

(1)

where and are the conductivities of the cytoplasm,
cell membrane, and extracellular medium, respectively,is the
cell radius, is the membrane thickness, and is the
membrane capacitance, with denoting the dielectric permit-
tivity of the membrane.1

This description also allows for the derivation of the TMV
induced by an external ac electric field. Written in the frequency
plane, it reads [13]

(2)

where is the amplitude of the external electric field,is the
polar angle measured with respect to the direction of the field,
and , with denoting the frequency of the field. In (2),

is complex; its absolute value gives the amplitude of the
TMV, while its argument is the directed angle corresponding to
the phase shift between and (a negative value implies a
lag of behind ).

1We use the term “permittivity” for the total permittivity of the material, i.e.,
the product of the relative permittivity of the material (e.g.,� �

����), and the dielectric constant of the vacuum (� � �������� As/Vm).

0018–9294/00$10.00 © 2000 IEEE
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TABLE I
VALUES USED IN THE CALCULATIONS

We choose for the sake of clarity to henceforth treat the condi-
tions at , where has a peak value. We denote

and (2) becomes

(3)

while the spatial dependence on is restored by simply multi-
plying the result by (this also applies to and , which
will be introduced in the following paragraphs).

Throughout the derivation of the TMV, cell membrane is as-
sumed to be homogeneous. Retaining this assumption, the in-
duced membrane electric field can be calculated as

(4)

and the amplification of the external electric field in the mem-
brane is then given by

(5)

If typical values are assigned to the parameters contained
in (1) and (5) (Table I), the magnitude of the amplification

(i.e., the ratio of the amplitudes of and ) and
the phase (i.e., the phase shift between and )
can be plotted as functions of frequency in form of a Bode plot
(Fig. 1).

According to (5), far below the breakpoint frequency
, which is approximately 100 kHz in physiological

conditions (Table I), the amplification is practically constant
(the low-frequency plateau). Above the breakpoint frequency,

is decreasing, asymptotically approaching a negative
unit slope. The limiting values at and are easily
determined

(6)

(7)

While the situation at low frequencies is not significantly af-
fected by the assumption of purely conductive properties of the
cytoplasm and extracellular medium, it becomes progressively

Fig. 1. Bode plot of the amplification of an external ac electric field in the
membrane according to the established first-order treatment given by (5). Top:
magnitude of the amplification; bottom: phase of the amplification (negative
phase corresponds to a lag of the membrane field behind the external field).
In each graph, the bottom abscissa gives the angular frequency � � ��� ,
and the top abscissa the corresponding frequency � . The bold dotted vertical
corresponds to the breakpoint frequency � � ����� . Parameter values used
in the calculation are given in Table I.

more questionable with increase in frequency, as the capacitive
properties of both the cytoplasm and the extracellular medium
gain importance. In this paper, we reevaluate the process of
TMV and membrane field inducement in ac electric fields, with
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Fig. 2. In the model on which our calculations are based, the cell is a sphere
with radius of �, enclosed by a membrane of uniform thickness �. External
electric field is homogeneous and retains its orientation, but its strength �

varies with time. Conductivities and permittivities are attributed to regions
occupied by cytoplasm �� � � �, membrane �� � � � and extracellular
medium �� � � �.

each of the regions assigned both a nonzero electric conduc-
tivity and dielectric permittivity. We show that in the submega-
hetz range, predictions of the derived model are very close to
(5), but then start to diverge, quickly leading to significant dif-
ferences between the two models.2

II. METHOD OF ANALYSIS

A spherical cell surrounded by a medium represents a system
characterized by two geometrical parameters, namely cell ra-
dius and membrane thickness , and three sets of mate-
rial parameters, each describing the properties of an individual
material within the system (the cytoplasm, cell membrane, and
extracellular medium). If the system is exposed to electric fields,
the set of parameters describing a material consists of two quan-
tities—its electric conductivity and dielectric permittivity

. This model is depicted in Fig. 2.
Though treatment of materials as pure conductors is under

some circumstances justified, in reality every material demon-
strates some dielectric permittivity, which affects the electric
field propagation and, more importantly, subsequent electric
field redistribution due to polarization effects. To enable a
treatment similar to that of pure conductors, conductivity and

2Equation (5) is also invalid when cells are suspended in an artificial medium
with a conductivity several orders of magnitude lower than physiological [12].
While this paper focuses on the physiological environment, the process of in-
ducement in general media is treated in detail in [15].

Fig. 3. To determine the time courses of transmembrane voltage and
membrane electric field induced by a time-varying external electric field, the
time course of the external field must first be described in terms of a function
� ���. The Laplace transform then gives the corresponding � ���. The
product of � ���� � ���� � and ��� 	 represents the induced transmembrane
voltage in complex-frequency space, 
 ���, while an additional division by
� gives the induced membrane field, � ���. The inverse Laplace transform
casts both results into the time domain. Due to the linearity of the system, the
blocks of the system can be distributed in several equivalent ways, with this
particular arrangement showing � ��� as a compact subsystem.

permittivity of the material are combined into the admittivity
operator [14]

(8)

To avoid the use of differential operators, the analysis is trans-
ferred from the time domain into the complex-frequency do-
main, where becomes

(9)

with denoting the complex frequency.
Replacement of the differential terms with pure algebraic ex-

pressions considerably simplifies the analysis and thus allows
for treatment of structured systems consisting of several mate-
rials, such as the system in Fig. 2. Pursuing this approach, the
induced transmembrane voltage is given by [14]

(10a)

where is the Laplace (Heaviside) transform of the time
course of the electric field strength , and is given by
(10b), shown at the bottom of the page, with and
denoting the admittivity operators of the cytoplasm, cell mem-
brane, and extracellular medium, respectively.

Amplification of the external field in the membrane at
is then

(11)

The basic principle of the method can be illustrated by a
block diagram shown in Fig. 3. The external electric field rep-
resents the “input” or the “excitation” of the system,
plays the role of a transfer function, while the induced trans-
membrane voltage and membrane field are the “outputs” or the

(10b)
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“responses.” For any given time course of the external electric
field, this method gives the time course of the TMV, as well as
of the membrane field.

While the use of this approach in the analysis of transients is
described elsewhere [14], this paper focuses on the analysis of
membrane fields induced by ac (sinusoidal) fields at different
frequencies. With a sinusoidal time course of the external field
with frequency , the complex frequency becomes
purely imaginary, and the admittivity operators are replaced
by the admittivities,

(12)

whereby is transformed into .

III. RESULTS

By inserting (10b) into (11) and replacing , and by
, and , respectively, one gets (13), shown at the bottom

of the page. The limiting values of at and
are derived in the Appendix, and under physiological conditions
they can be approximated by

(14)

(15)

With typical parameter values (see Table I), one gets
3000 and 15. Thus, the mem-

brane field strength induced at very high frequencies still
exceeds the external field strength by more than one order of
magnitude.

A stable amplification at high frequencies is not anticipated
by the first-order model, as (7) testifies. Also, the first-order
model predicts the phase lag to asymptotically approach 90 ,
while according to (15), and are again close to syn-
chronization at very high frequencies. Absence of the high-fre-
quency plateau in the classical treatment originates from the
assumption of purely conductive cytoplasm and extracellular
medium; namely, if and are set to zero, the amplification
given by (15) is easily shown to become zero—the value pre-
dicted by (7).

Using the same numerical values as in Fig. 1, Bode plot
of given by (13) is depicted in Fig. 4 by a solid line,
while the one predicted by (5) is drawn in dashed line. The
two models agree at low frequencies, but while (5) prognosti-
cates a continuing decrease of magnitude and phase stabilized
at 90 , (13) exhibits a second breakpoint frequency, where
the magnitude stabilizes at the high-frequency plateau. Also

Fig. 4. Bode plot of the amplification of an external ac electric field in
the membrane according to the second-order treatment given by (13) (solid
line), and the predictions of the first-order model (dashed). The two bold
dotted verticals correspond to the first (left) and the second (right) breakpoint
frequency: � � ������ � and � � ������ �. Parameter values used
in the calculation are given in Table I.

due to the second breakpoint frequency, the phase does not
approach 90 , but reaches a peak level, and then gradually
falls back toward zero.

Though (13) allows for analytical derivation of the limiting
values, as well as numerical calculation of the whole frequency
dependence of , it does not in itself clearly reveal the
behavior of demonstrated in Fig. 4. Though both the
numerator and the denominator of (13) are of second order,
making membrane field inducement a second-order process,
Fig. 4 clearly implies that this process can be approximated as
first-order. This is to say that both the numerator and denom-
inator of (13) act approximately as if they were of first order
(unlike this, the classical model given by (5) has a first-order
denominator, but the numerator is frequency-independent, i.e.,

(13)
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Fig. 5. Nyquist (Cole-Cole) plot of the amplification of an external electric
field in the membrane according to the second-order (solid line) and the
first-order model (dashed). (a) Linear magnitude scale. (b) Logarithmic
magnitude scale. For used parameter values, see Table I and caption of Fig. 4.

of zeroth order). Sections A and B of the Appendix are dedi-
cated to an in-depth analysis and elucidation of this behavior
demonstrated by .

Another customary representation of the frequency depen-
dence is a Nyquist (Cole-Cole) plot, which shows the tra-
jectory of the amplification in the complex plane. Fig. 5
compares the Nyquist plots of given by (13) and (5).
When a linear magnitude scale is used, the distinctions are
hardly visible, thus confirming a good agreement between
the two equations [Fig. 5(a)]. With a logarithmic magnitude
scale, the differences at higher frequencies are emphasized
[Fig. 5(b)].

IV. DISCUSSION

Two principal aims of this section are 1) to discuss the limita-
tions of the presented model and 2) to contemplate on possible

implications of the high-frequency plateau, which is overlooked
by the classical first-order model.

A. Limitations of the Model

It has been shown that with intercellular distance several
times larger than cell radius, the effect of neighboring cells
on induced transmembrane voltage is negligible [16]. All the
expressions presented in this paper are therefore valid for a
single cell and also for dilute cell suspensions, but they fail to
provide a reliable quantitative analysis for tissues, where cells
are densely packed. Nevertheless, the qualitative predictions of
the second-order model—the second plateau of the membrane
field and its synchronization with the external field at high
frequencies—also apply to tissues.

While (5) accurately describes membrane field amplification
up to ca. 10 MHz, with (13) the upper frequency limit of validity
is increased by at least an order of magnitude. As the frequency
exceeds several hundreds of megahertz, the finite mobility of
molecular dipoles starts to weaken the polarization processes.
This shows as a decrease in the permittivities of the materials
and a coupled increase in their conductivity, known as dielectric
relaxation. For frequencies above 100 MHz, (12) must thus be
reformulated to give an effective admittivity

(16)

which has a more intricate dependence upon frequency than
(12). By implementing effective admittivities into (13), the de-
scription of the field amplification is extended to the frequencies
where the dielectric relaxation occurs.

For estimative calculations, dielectric properties of the ex-
tracellular medium can be well approximated by those of the
physiological NaCl solution at 35 C, for which precise data
on dielectric relaxation are available [17]. On the other hand,
the established techniques are very difficult to implement on
anisotropic materials, and data on relaxation of lipids remain
very scarce. Results have been published on dielectric spec-
troscopy of colloidal suspensions of phospholipid vesicles [18],
and more recently of multilamellar bilayers [19]. To our knowl-
edge, no measurements have yet been reported directly on unil-
amellar lipid bilayers, or cell membranes. An alternative ap-
proach is offered by the measurements of lipid headgroup ro-
tation obtained by P-NMR and H-NMR [20], [21]. In general,
dielectric relaxation of water and aqueous ionic solutions be-
comes pronounced at GHz frequencies, while the relaxation of
bilayer lipids occurs at hundreds of megahertz, thereby setting
the upper limit for validity of the presented second-order treat-
ment at approximately 100 MHz.

B. Effects of the High-Frequency Plateau

In the two paragraphs that follow, we shortly discuss possible
effects of the high-frequency plateau on two well-known phe-
nomena caused by the exposure to ac electric fields: 1) elec-
tric power dissipation, which occurs in every material and is
greatly enhanced at high frequencies, and 2) electropermeabi-
lization (electroporation), a field-induced increase of cell mem-
brane permeability and conductivity. Both electric power dis-
sipation and electropermeabilization lead to alterations in the
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structure and properties of cellular molecules, thus affecting the
cellular functions. The effects of both phenomena can be re-
versible, with exposed cells recovering from the damage, or ir-
reversible (in general, at larger perturbations), leading to cell
death. In the next paragraphs, we consider the relevance of each
of the two phenomena at high frequencies.

1) High-Frequency Power Dissipation: Power dissipation
per unit volume of a material is given by [22]

(17)

where is the strength of the ac electric field with the
angular frequency , and is the effective conductivity of
the material at this angular frequency. Above the relaxation
frequency, the effective conductivity of a given material
increases significantly, which according to (17) leads to a
proportional increase of power dissipation (the effect widely
exploited in the microwave ovens). The dielectric relaxation
of the lipid bilayer occurs in the 100-MHz range, while in
the aqueous media it only becomes expressed above 1 GHz
(hence, the use of 2.45 GHz in the microwave ovens). Due to
the high-frequency plateau, the membrane field is stable in
this frequency range, and this implies that between 100 MHz
and 1 GHz, power dissipation in the membrane increases
significantly. Due to the small membrane thickness, the
elevated power dissipation probably cannot lead to significant
temperature increase within the membrane, but it might result
in nonthermal effects. The distributed power dissipation at
high frequencies is explored in detail in [23].

2) High-Frequency Electropermeabilization: According to
the established theory, electro-permeabilization is a nonthermal
phenomenon [24], [25]. It only occurs if the transmembrane
voltage (and hence the membrane electric field) exceeds a cer-
tain threshold value, which according to different authors ranges
between 0.250 V and 1 V [26]–[28]. For a cell with m,
transmembrane voltage of 1 V is induced by an external field of

V/cm, provided that the reciprocal of the pulse dura-
tion lies within the low-frequency plateau (which is true for the
typical pulses used for electropermeabilization, ranging from
tens of microseconds to tens of milliseconds). Such a field
is generated by applying approximately 67 V to a 1 mm po-
ration cuvette, or by a voltage of 268 V with a 4-mm cuvette.
As is two orders of magnitude lower than , elec-
tropermeabilization by nanosecond pulses would demand volt-
ages hundred times larger, and is thus practically unachievable
with current technology. Possibility of electropermeabilization
occurring accidentally due to the exposure to high-frequency
sources such as cellular phones or radio-frequency emitting an-
tennas can thus also be excluded beyond any reasonable doubt.

APPENDIX

A. Exact Formulations of

By expanding both the numerator and denominator of (13), a
rational function is obtained

(A1)

where

(A2a)

(A2b)

(A2c)

(A2d)

(A2e)

and

(A2f)

Both the polynomial in the numerator and the polynomial in the
denominator of (A1) are of second order, giving the process of
membrane field inducement the second-order nature.

Equation (A1) can be rewritten as

(A3)

where the constants are given by

(A4a)

(A4b)

(A4c)

(A4d)

(A4e)

Alternatively, (A1) can also be reformulated as a sum of partial
fractions

(A5)

where

(A6a)

— (A6b)

— (A6c)

and and are given by (A4b) and (A4c), respectively.
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The first summand in (A5) represents the synchronous (in-
phase) part of the response, while the other two are lagging re-
sponses, each characterized by a time constant.

B. Simplifications

To elucidate the properties of shown in Fig. 4, one
has to consider the realistic physiological conditions, where two
relations build a basis for simplifications:

• membrane conductivity, , is more than five orders of
magnitude smaller than the conductivities of the cyto-
plasm, , and the extracellular medium, (see Table I);
therefore, by disregarding where it appears in sum
with or , the obtained result differs from the exact
value by several parts in a million.

• membrane thickness, , is at least three orders of magni-
tude smaller than cell radius, ; by approximating

, one commits an error in the range of at most sev-
eral parts in a thousand.

It should be stressed that with terms that include both conductive
and dimensional parameters, the first of the above mentioned
relations has to be considered before the second one, as the
error committed by the first approximation is far smaller than
the one introduced by the second. Furthermore, disregarder of
the membrane conductivity often leads to cancellation of addi-
tional terms, including the ones that contain parameters and

, as becomes apparent in the calculation of and
presented later.

Applying the rules set above to the terms (A2a)–(A2f), one
gets

(A7a)

(A7b)

(A7c)

(A7d)

(A7e)

and

(A7f)

As these expressions are inserted into (A4a)–(A4e), the re-
sulting constants read

(A8a)

(A8b)

and

(A8c)

This sheds some light on the behavior of shown in Fig. 4.
As the three time constants and are very close to-
gether (with realistic parameter values, the difference between
them never exceeds one part in a thousand), they can be approx-
imated as equal. This cancels out two of the multiplicands in
(A3), leading to the first-order expression

(A9)

with time constants given by (A8b) and (A8c). Expression
(A8b) equals the first-order time constant given by (1), i.e.,

, thus confirming once again the validity of the
established predictions of low-frequency behavior. The recip-
rocals of the two time constants of (A9), and ,
correspond to the two breakpoint frequencies in the Bode plot
in Fig. 4.

Equations (A7a)–(A7f) also allow (A6a)–(A6c) to be approx-
imated as

(A10a)

(A10b)

and

(A10c)

Equation (A10c) reflects the fact that with physiological param-
eter values, is more than nine orders of magnitude smaller
than both and , making the second lagging response neg-
ligible in any practical context, and validating the approximation
of membrane field inducement by

(A11)

with and given by (A10a) and (A10b), respectively.

C. Limits and

The low-frequency limit of is obtained by inserting
into (13). This leads to (A12), shown at the bottom of

the page. Since , we approximate . We
then obtain an expression which depends only on the geometric
parameters of the cell

(A13)

In a similar manner, the limit at reads as (A14), shown
at the top of the next page. Since no conductivities appear in
this expression, simplification is based on the relation ,
which we approximate with 0. This leads to an expression
which depends only on the material parameters of the cell

(A15)

(A12)
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(A14)
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membrane potential depends on cell density and organization,”Electro.
Magnetobiol., vol. 17, pp. 391–399, 1998.

[17] R. Büchner, G. T. Hefter, and P. M. May, “Dielectric relaxation of
aqueous NaCl solutions,”J. Phys. Chem. A, vol. 103, pp. 1–9, 1999.

[18] R. Pottel, K. D. Göpel, R. Henze, U. Kaatze, and V. Uhlendorf, “The
dielectric permittivity spectrum of aqueous colloidal phospholipid
solutions between 1 kHz and 60 GHz,”Biophys. Chem., vol. 19, pp.
233–244, 1984.

[19] B. Klösgen, C. Reichle, S. Kohlsmann, and K. D. Kramer, “Dielectric
spectroscopy as a sensor of membrane headgroup mobility and hydra-
tion,” Biophys. J., vol. 71, pp. 3251–3260, 1996.

[20] E. J. Dufourc, C. Mayer, J. Stohrer, G. Althoff, and G. Kothe, “Dynamics
of phosphate head groups in biomembranes,”Biophys. J., vol. 61, pp.
42–57, 1992.

[21] A. S. Ulrich and A. Watts, “Molecular response of the lipid headgroup
to bilayer hydration monitored by 2H-NMR,”Biophys. J., vol. 66, pp.
1441–1449, 1994.

[22] C. Gabriel, S. Gabriel, E. H. Grant, B. S. J. Halstead, and D. M.
P. Mingos, “Dielectric parameters relevant to microwave dielectric
heating,”Chem. Soc. Rev., vol. 27, pp. 213–223, 1998.
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Analytical Description of Transmembrane Voltage Induced by Electric
Fields on Spheroidal Cells

Tadej Kotnik and Damijan Miklavčič
Faculty of Electrical Engineering, University of Ljubljana, SI-1000 Ljubljana, Slovenia

ABSTRACT An analytical description of transmembrane voltage induced on spherical cells was determined in the 1950s,
and the tools for numerical assessment of transmembrane voltage induced on spheroidal cells were developed in the 1970s.
However, it has often been claimed that an analytical description is unattainable for spheroidal cells, while others have
asserted that even if attainable, it does not befit the reality due to the nonuniform membrane thickness, which is unrealistic
but inevitable in spheroidal geometry. In this paper we show that for all spheroidal cells, membrane thickness is irrelevant to
the induced transmembrane voltage under the assumption of a nonconductive membrane, which was also applied in the
derivation of Schwan’s equation. We then derive the analytical description of transmembrane voltage induced on prolate and
oblate spheroidal cells. The final result, which we cast from spheroidal into more familiar spherical coordinates, represents
a generalization of Schwan’s equation to all spheroidal cells (of which spherical cells are a special case). The obtained
expression is easy to apply, and we give a simple example of such application. We conclude the study by analyzing the
variation of induced transmembrane voltage as a spheroidal cell is stretched by the field, performing one study at a constant
membrane surface area, and another at a constant cell volume.

INTRODUCTION

Placement of a biological cell into an electric field leads to
a local distortion of the field in the cell and in its vicinity.
As the conductivity of the cell membrane is several orders
of magnitude lower than those of the cytoplasm and the
physiological extracellular medium, most of the electric
field within the cell is concentrated on the membrane. In a
DC field, the induced transmembrane voltage reaches the
steady state within microseconds after the start of the ex-
posure. For the treatment of the transients, the reader is
referred to Kotnik et al. (1998), while in this work we
henceforth deal only with the steady-state situation.

Analytical description of steady-state transmembrane
voltage induced on spherical cells was derived more than
four decades ago by H. P. Schwan (Schwan, 1957). To
simplify the derivation, Schwan assumed the membrane to
be nonconductive, which led to the well-known relation,
often referred to as the (steady-state) Schwan’s equation

�� � 3
2

ER cos �, (1)

where �� is the induced transmembrane voltage, E is the
external electric field, R is the cell radius, and � is the polar
angle measured from the center of the cell with respect to
the direction of the field. With physiological values of the
conductivities, �� as given by Eq. 1 differs at most by
several parts per thousand from the exact result given by

Kotnik et al. (1997):

�� �
3

2

�e�3dR2�i � �3d2R � d3���m � �i��

�R3��m � 2�e���m � 1
2

�i�

� �R � d�3��e � �m���i � �m�
� ER cos �

(2)

where �i, �m, and �e are electric conductivities of the
cytoplasm, cell membrane, and external medium, respec-
tively, and d is the membrane thickness (note that this
equation applies only in the case of a membrane of constant
thickness and conductivity). It is easy to check that setting
�m � 0 leads to cancellation of d, �i, and �e from Eq. 2,
which thereby simplifies into Eq. 1.

In the 1970s, this knowledge was extended by the devel-
opment of methods for numerical calculation of transmem-
brane voltage induced on spheroidal cells (Klee and Plon-
sey, 1972, 1976). Despite that, an analytical description of
the transmembrane voltage induced on spheroidal cells, if
attainable, would give a deeper insight than numerical cal-
culations can provide.

The search for an analytical solution in spheroidal geom-
etry has often been claimed futile (Bernhardt and Pauly,
1973; Klee and Plonsey, 1976; Gimsa and Wachner, 1999):
as we show in this paper, rather unfoundedly. This claim
was motivated by the fact that for analytical determination
of the induced transmembrane voltage, cell boundaries must
coincide with coordinate surfaces of some coordinate sys-
tem. In spheroidal coordinate systems, this necessarily ren-
ders a membrane of nonuniform thickness, which is unre-
alistic. Still, two recent papers treated an analytical solution
for prolate spheroids. The first paper gave an expression for
the electric potential inside and outside a prolate spheroid
with a nonconductive membrane (Bryant and Wolfe, 1987),
and the second paper generalized the result to the case of a
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conductive membrane (Jerry et al., 1996). Nevertheless, in
both studies the results are formulated in prolate spheroidal
coordinates, thus lacking the insight that is available in the
more familiar spherical coordinates. To our knowledge, no
similar work has been published on oblate spheroids, al-
though these represent a suitable model for some types of cells,
such as erythrocytes. In summary, an analog of Schwan’s
equation (1) for spheroidal cells has not yet been given.

In this work we first show that under the assumption of a
nonconductive membrane, the induced transmembrane volt-
age is unaffected by membrane thickness as long as the cell
is symmetrical with respect to a plane to which the field is
perpendicular. Analytical calculation of the induced trans-
membrane voltage is therefore justified and valid, and in the
Appendices we derive the transmembrane voltage induced
on both prolate and oblate spheroidal cells. To allow for
comparison with Schwan’s equation, we present the results
in spherical coordinates, where a spheroid is described by its
two radii, and the location on the membrane is given—as for
a sphere—by the polar angle measured from the center of
the spheroid with respect to the direction of the field.

METHODS

Derivation of the steady-state induced
transmembrane voltage

Let the presence of the cell distort a homogeneous electric field E0 into an
electric field E. To determine the steady-state induced transmembrane
voltage, we express E in terms of the electric potential �

E � ���, (3)

where � satisfies Laplace’s equation

�2� � 0 (4)

with the following conditions:

1. homogeneity of the field far from the cell,

lim
r3�

����� � E0 ; (5a)

2. finiteness of the potential inside the cell,

lim
r30

� � �; (5b)

3. continuity of the potential and the current density at the boundary
surfaces between the cytoplasm and the membrane and between the
membrane and the exterior,

��i � �m���i
� 0,

(5c)
n � ��i��i � �m��m���i

� 0,

��m � �e���e
� 0,

n � ��m��m � �e��e���e
� 0,

where �i and �e are the inner and the outer membrane surface; �i, �m, and
�e denote the function � in the cell interior, the membrane, and the cell

exterior; �i, �m, and �e are the conductivities of these three regions; and n
is the unit normal vector to the treated boundary surface.

The transmembrane voltage �� induced by the external electric field on
the cell membrane is the difference between the values of electric potential
at the two boundary surfaces,

�� � ���i
� ���e

. (6)

We note that in Eq. 6 and hereafter in this paper, � always represents the
difference operator and should not be confused with another established
notation, � � �2 for the Laplacian operator.

Simplifications for a nonconductive membrane

Due to the shielding effect caused by the low conductivity of the mem-
brane, most of the electric potential variation within the cell occurs in its
membrane. In the hypothetical case of a nonconductive membrane, the
shielding is complete; there is no electric field in the cytoplasm, and the
electric potential variation within the cell occurs only in its membrane.

At this point we introduce the following principle of invariance, which
is crucial for further derivations:

For an object with a nonconductive membrane which is placed into a
homogeneous electric field,

(i) the electric potential outside the object is determined only by the shape
of the object;

(ii) if the object is symmetrical with respect to a plane to which the
external field is perpendicular, then also the induced transmembrane
voltage is determined only by the shape of the object.

The proof of this principle is given in Appendix A, while Fig. 1 illustrates
it by an example. In a given field, the potential outside A, B, C, and D is
the same. For objects B, C, and D that are symmetrical with respect to a
plane to which the field is perpendicular (dotted vertical), the electric
potential in the interior, and thus the transmembrane voltage, is also the
same (for D, which consists entirely of a nonconductive material, we define
the transmembrane voltage as the difference between the values of the
electric potential in its center and on its surface).

For a spherical cell, part (ii) of the principle of invariance stated above
is clearly demonstrated by Eq. 1, which involves the cell radius, but not the
membrane thickness. For spheroidal cells, validity of (ii) is similarly
confirmed by Eq. 7, introduced in the next subsection.

For cells with planar symmetry and with a nonconductive membrane,
the thickness of the membrane is therefore irrelevant to the induced
transmembrane voltage, which can be determined by solving Laplace’s
equation for any object with planar symmetry and the same external shape.
In Fig. 1, all objects have the same, prolate spheroidal external shape. With
a uniform membrane thickness, object B is a realistic model of a cell, but
its internal membrane surface is not a prolate spheroid, and Laplace’s
equation cannot be solved analytically. Unlike that, the two surfaces of C
and the surface of D are all prolate spheroids, and for these two objects
Laplace’s equation is solvable in prolate spheroidal coordinates by sepa-
ration of variables. By assigning the potential � 	 0 to the plane of
symmetry, the transmembrane voltage induced on B then equals the op-
posite of the electric potential calculated at the external surface of either C
or D.

In summary, for a cell with planar symmetry and a nonconductive
membrane, the induced transmembrane voltage can be determined analyt-
ically given that 1) the cell shape can be modeled as a coordinate surface
in some coordinate system, and 2) Laplace’s equation is separable in this
coordinate system. These two requirements are both necessary and suffi-
cient, and 2) provides a restriction to 14 different coordinate systems
(Eisenhart, 1934; Morse and Feshbach, 1953). The spherical, the prolate
spheroidal, and the oblate spheroidal coordinate systems are among these,
and we now proceed to the derivation and analysis of the transmembrane
voltage induced on spheroidal cells.

Schwan’s Equation Generalized to Spheroidal Cells 671

reprinted with minor corrections from Biophysical Journal 79(2) 670–679



RESULTS AND DISCUSSION

Transmembrane voltage induced on
spheroidal cells

Because of its extent, the detailed derivation of the trans-
membrane voltage induced on a spherical, a prolate sphe-
roidal, and an oblate spheroidal cell with the axis of rota-
tional symmetry parallel to the field is given in Appendices
B–D. Written in spherical coordinates, the final result reads

����� � �
E

R2
2 � R1

2

R2
2

�R2
2 � R1

2 arccot
R1

�R2
2 � R1

2 � R1
R1 � R2

�
R2cos �

�R1
2sin2 � � R2

2cos2 �
;

3
2

ER1cos � � 3
2

ER2cos �; R1 � R2

E
R1

2 � R2
2

R1 �
R2

2

�R1
2 � R2

2 log
R1 � �R1

2 � R2
2

R2 R1 � R2

�
R2cos �

�R1
2sin2 � � R2

2cos2 �
;

(7)

where E is the external electric field, R1 is the radius along the
axis of rotational symmetry (the polar radius), R2 is the radius
perpendicular to this axis (the equatorial radius), and � is the
polar angle measured from the center of the cell with respect to
the direction of the field.

As an example of the application of Eq. 7, in Fig. 2 we
plot the function ��(�) for three spheroids with different
equatorial radii, but with the same polar radius.

Unlike with a sphere, the arc length on the membrane of
a general spheroid is not proportional to the angle �. The
normalized arc length p(�) is defined as

p��� �
�

0

�

�R1
2 sin2 � � R2

2
arctan(R1/R2

tan )

cos2 � d�

�
0

2	�R1
2 sin2 � � R2

2 cos2 � d�
. (8)

This does not allow for an explicit expression of �(p)—and
thus also of ��(p)—but they can be calculated by means of
numerical mapping of p onto �. The graph shown in Fig. 3
is analogous to the one in Fig. 2, showing ��(p) instead of
��(�).

Figs. 2 and 3 imply that the shape of a spheroid deter-
mines not only the maximum value of ��, but also the
fraction of the membrane which is exposed to high values of
��. The induced transmembrane voltage close to the max-
imum value occupies only a small region of the membrane
in very prolate, “cigar-shaped” cells, and the majority of the
membrane in very oblate, “disk-shaped” cells.

A generalization of these examples is given in Fig. 4,
which shows, for a given R1, the maximum value of �� as
a function of R2. With decrease of R2 this function ap-
proaches an infimum of ER1, but it has no upper bound, and
with increase of R2 it can reach an arbitrarily large value.
Still, max(��) increases less than proportionally with R2,
and for any R2 � 2.32R1, max(��) � ER2.

Variation of the induced transmembrane voltage
with electromechanical deformation

Besides their general applicability, the formulae of Eq. 7
enable an evaluation of the variation of the induced trans-
membrane voltage that accompanies the electromechanical
deformation of the cell in the electric field. The polarization
of the cell membrane produces an electric force that acts on
the membrane, and as a result the cell is elongated in the
direction of the field (Bryant and Wolfe, 1987). Spherical
cells are deformed into prolate spheroids, and for most
realistic situations we could start from a sphere and analyze
the variation of the induced transmembrane voltage as the
cell is elongated. However, a generalization of this study to
include oblate spheroids provides several interesting results,
and we will thus treat the whole range of spheroids, with a
sphere representing a transitional point (obviously, this gen-
eralization does not in any way affect the results obtained
for prolate spheroids). Two distinct conditions can be im-
posed to hold during the deformation:

1. a constant membrane surface area, S, where

S � �2	R2�R2 �
R1

2

�R2
2 � R1

2 arcsinh
�R2

2 � R1
2

R1
�; R1 � R2

4	R1R2 ; R1 � R2

2	R2�R2 �
R1

2

�R1
2 � R2

2 arcsin
�R1

2 � R2
2

R1
�; R1 � R2

(9)

2. or a constant cell volume, V, where

V � 4
3

	R1R2
2 . (10)

The first requirement is valid for a noncompressible/nonex-
pansible membrane, and the second one for a nonpermeable
membrane (the cytoplasm is largely an aqueous solution,
and therefore noncompressible/nonexpansible). The two to-
gether cannot hold, since this would render the cell unde-
formable, while cell elongation in electric fields has been
observed repeatedly (Winterhalter and Helfrich, 1988; Neu-
mann and Kakorin, 1996). In reality, neither of the two
restrictions holds completely, and since the experimental
data are too scarce to either favor or reject any of them, each
of them is a possible approximation to the realistic situation.
For both, Fig. 5 shows the induced transmembrane voltage
as a function of R1/R2.
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Fig. 5 shows that the results under the two restrictions
diverge increasingly with cell eccentricity. Nevertheless,
deformations into highly eccentrical shapes have never been

observed on biological cells, as this is preceded by the
membrane rupture (Rand, 1964; Wolfe et al., 1986). Thus,
with the exception of naturally highly eccentrical cells (e.g.,

FIGURE 1 Color map of the electric potential outside and inside four objects with different nonconductive membranes, but with identical external shape
(in D, the membrane fills the object entirely). The potential outside the object is the same for A, B, C, and D, while the induced transmembrane voltage
is the same for B, C, and D.

FIGURE 2 The induced transmembrane voltage (∆Φ) in units of ER1 as
a function of the polar angle ϕ for three spheroidal cells with equal R1 and
R2 = 1/5 R1 (solid line), R2 = R1 (dashed line), and R =2 5 R1 (dotted line).
Inset: the three cells and the field orientation.

FIGURE 3 The induced transmembrane voltage (∆Φ) in units of ER1 as
a function of the normalized arc length p for three spheroidal cells with
equal R1 and R2 = 1/5 R1 (solid line), R2 = R1 (dashed line), and R2 = 5
R1 (dotted line).
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bacilli), realistic deformations are in the region where the
two radii are of the same order of magnitude. We must also
bear in mind that the electric force always tends to elongate
the cell in the field direction, and thus for cells that are
initially spherical, only the part of Fig. 5 with R1/R2 � 1 is
of practical interest.

CONCLUSIONS

The main result presented in this paper is the analytical
description of the transmembrane voltage induced on sphe-

roidal cells, which is given by Eq. 7. Both Schwan’s equa-
tion and Eq. 7 are derived under the assumption of a
nonconductive membrane, and in conditions very far from
physiological ones, their validity becomes questionable. In
particular, they cannot be applied when cells are suspended
in a medium with a conductivity several orders of magni-
tude below the physiological value, or when the membrane
conductivity has been increased by several orders of mag-
nitude, e.g., by electroporation (Grosse and Schwan, 1992;
Kotnik et al., 1997). Nevertheless, with the parameter val-
ues close to physiological, a variation of membrane thick-
ness by an order of magnitude results in a variation of the
induced transmembrane voltage by at most several parts in
a thousand, which can be easily checked by means of Eq. 2.
Within the range of eccentricities analyzed in this paper, a
realistic non-zero conductivity of the cell membrane would
therefore have a negligible effect on the induced transmem-
brane voltage.

It should also be noted that since the presented theory (as
well as Schwan’s) treats the membrane as a passive con-
ductor, and therefore has a very limited use in excitable
cells, such as neurons and muscle fibers, in which the
membrane conductivity is in general voltage-dependent.

By itself, Eq. 7 gives a more precise evaluation of the
transmembrane voltage induced on various nonspherical
cells (erythrocytes, bacteria), but because suspended cells
are randomly oriented, analytical results should be accom-
panied by numerical calculations for various angles between
the cell’s axis and the field. Nevertheless, the electric field
was shown to align prolate cells with their longer axis
parallel to the field, and to further elongate these cells, as
well as spherical ones (Bryant and Wolfe, 1987; Winterhal-
ter and Helfrich, 1988). Equation 7 is thus valid in the
studies of electromechanical cell deformation. In a given
field, it determines the electric force, which in equilibrium
with the opposing elastic force also defines the shape of the
electromechanically deformed cell. By accounting for mem-
brane viscosity as well, one could in principle also evaluate
the dynamics of deformation. In addition, since membrane
electroporation depends on both the field strength and the
membrane curvature (Neumann et al., 1999), a theoretical
description of the dynamics of deformation could provide a
deeper insight into the mechanisms that accompany (or even
facilitate) electroporation.

APPENDIX A

Invariance of � and �� for cells with a
nonconductive membrane

We treat a general curvilinear coordinate system in �3, with coordinates �1,
�2, �3, in which Laplace’s equation is separable. There are 14 such systems
(Eisenhart, 1934; Morse and Feshbach, 1953), and in each of these, the
physically realistic solution of Laplace’s equation can be written in the
form

FIGURE 4 The maximum value of the induced transmembrane voltage
in units of ER1 as a function of the ratio R2/R1 at a constant R1 (solid line).
At R2/R1 � 1, the cell is a sphere, and the maximum value of the induced
transmembrane voltage equals 3/2ER1, which is the well-known result also
obtained from Schwan’s equation. The dashed line shows the value of a
hypothetical function max(��) � ER2.

FIGURE 5 The maximum value of the induced transmembrane voltage
as a function of the ratio R1/R2 with deformation at constant membrane surface
area (solid line), and at constant cell volume (dashed line). Both R1 and R2 vary
in this study, and we express max(��) in units of ER0, where R0 is the cell
radius at R1/R2 � 1 (i.e., when the cell is spherical, R1 � R2 � R0).
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���1 , �2 , �3� � Af1��1�f2��2�f3��3� � Bg1��1�g2��2�g3��3�,
(A.1)

where A and B are the constants determined by the boundary conditions,
while f1, f2, f3, g1, g2, and g3 are continuous functions of their variables,
bounded everywhere except perhaps at the origin and at infinity. In
addition, if a limited number of objects distorts the homogeneity of the
field, and the curvilinear coordinates are expressed in terms of spherical
coordinates r, �, and � (see Appendix B), then f1(�1(r, �, �))f2(�2(r, �,
�))f3(�3(r, �, �)) is a linear function of r.

Let a homogeneous static electric field E0 permeate the space, and let a
single cell, consisting of the cytoplasm and the membrane, be placed into
this space. Then, the spatial distribution of the electric potential is given by

���1 , �2 , �3�

� �
�i��1 , �2 , �3� in the cytoplasm

� Ai f1��1�f2��2�f3��3�;

�m��1 , �2 , �3� in the membrane

� Am f1��1�f2��2�f3��3� � Bm g1��1�g2��2�g3��3�;

�e��1 , �2 , �3�

� �E0 f1��1�f2��2�f3��3� � Be g1��1�g2��2�g3��3�;

outside the cell

(A.2)

This solution satisfies the conditions of electric potential finiteness and
electric field homogeneity far from the object, while the conditions of
continuity have to be applied to determine the values of the remaining
constants. The value of Be is determined by the continuity of the current
density at the external membrane surface (�e),

n � �m��m��e � n � �e��e��e , (A.3)

where n is the unit normal vector to the surface �e, while �m and �e are the
conductivities of the membrane and the external space.

We now assume �m � 0, and Eq. A.3 becomes

n � ��e��e � 0, (A.4)

and inserting the expression for �e from Eq. A.2 we obtain

Be � E0

n � ��f1��1�f2��2�f3��3��

n � ��g1��1�g2��2�g3��3����e . (A.5)

Thus, for a cell with a nonconductive membrane, the value of Be—and
thereby the whole function �e as given by Eq. A.2—is determined solely
by the value of E0 and the shape of the surface �e.

If the cell is symmetrical with respect to a plane to which the external
field far from the cell is perpendicular, the plane of symmetry is an
equipotential surface. As Eq. 4 only determines the electric potential up to
an additive constant, we assign to this surface—and thereby to the whole
cytoplasm—the value of � � 0. Eq. 6 then becomes

�� � ����e . (A.6)

Since Eq. A.5 shows that � everywhere at the surface �e depends only on
the electric field and the shape of �e, Eq. A.6 proves that the induced
transmembrane voltage is also determined only by the value of E0 and the
shape of the surface �e.

APPENDICES B–D

Calculation of �� induced on a spheroidal cell

B. A spherical cell

With a sphere placed into a homogeneous electric field, we derive the
spatial distribution of the electric potential in the spherical coordinate
system {(r, �, �) � �3 : r � 0, 0 � � � 	, 0 � � � 2	} with the
coordinates defined by

x � r cos �, y � r sin � cos �, z � r sin � sin �.
(B.1)

We note that there are several legitimate alternatives in defining the
spherical coordinate system, and we choose the one given by Eq. B.1 as it
is compatible with the standard notation of r and � in the circular cylin-
drical coordinate system {(r, �, z) � �3 : r � 0, 0 � � � 2	, �	 � z �
	}. Frequently, notation of � and � is reversed, or replaced by 
 and �,
while the Cartesian system is often reoriented with respect to the defini-
tions given above as (x, y, z) 3 (z, x, y).

For geometries with x-axial symmetry, the electric potential is indepen-
dent of �. We can then write �(r, �) instead of �(r, �, �), and Laplace’s
equation reads

�2�

�r2 �
2

r

��

�r
�

1

r2

�2�

��2 �
cot �

r2

��

��
� 0. (B.2)

The first such case is the electric potential distribution in uniform space.
This distribution, which we denote by �0, is linear, and for a field parallel
to the x-axis it can be written in spherical coordinates as

�0�r, �� � �Er cos �. (B.3)

We now place a sphere into this field so that its center coincides with the
origin of the coordinate system. Again, we have x-axial symmetry, and by
solving for � in a separable form

��r, �� � G�r�H���, (B.4)

Eq. B.2 becomes

r2G
�r� � 2rG��r�

G�r�
� �

H
��� � cot � H����

H���
. (B.5)

The left-hand side of Eq. B.5 is at any value of r equal to the right-hand
side at any value of �, which is only possible if they equal the same
constant, which we denote by K. This splits Eq. B.5 into two ordinary
differential equations

� r2G
�r� � 2rG��r� 
 KG�r� � 0
H
��� � cot � H���� � KH��� � 0 (B.6)

For r � 0, the general solution of the first equation in B.6 is given by

G�r� � �
C1r

�1/2sin���1 
 4K

2
log r�

� C2r
�1/2cos���1 
 4K

2
log r�; K � �

1
4

C1r
�1 � C2 ; K � �

1
4

C1r
�1/2�1��1
4K� � C2r

�1/2�1
�1
4K�; K � �
1
4

(B.7)
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with C1, C2 constants.
Far from the sphere the field is homogeneous, and Eq. B.3 implies that

G(r) � r. Such G(r) is obtained from Eq. B.7 only if K � 2, and in that case

G�r� � C1r �
C2

r2 . (B.8)

For K � 2, the equation for H(�) in Eq. B.6 has a solution

H��� � C3cos � � C4�1 � cos � log�1 � cos �

1 � cos �
�. (B.9)

with C3, C4 constants, of which C4 must be zero, since H(�) is continuous
and bounded on [0, �], and therefore

H��� � C3cos �. (B.10)

We now join the functions given by Eqs. B.8 and B.10 according to Eq. B.4
and get

��r, �� � Ar cos � �
B

r2 cos � (B.11)

with A, B constants.
Since we treat the membrane as nonconductive, we proceed as de-

scribed in the Methods section, looking for the electric potential distribu-
tion inside and outside a homogeneous nonconductive sphere. Let r � R
describe the surface of the sphere. Both inside and outside the sphere, the
electric potential distribution is given by a function of the general form of
Eq. B.11, but with different values of A and B. We therefore write

��r, ��

� � �i�r, �� � Air cos � �
Bi

r2 cos �; 0 � r � R

�e�r, �� � Aer cos � �
Be

r2 cos �; R � r

(B.12)

Applying the conditions of continuity and an additional assumption that
�m � 0, we get the constants in Eq. B.12,

Ai � �
3E

2
,

Bi � 0,

Ae � �E,

Be � �
ER3

2
.

(B.13)

With a nonconductive membrane surrounding a sphere, the induced trans-
membrane voltage is the opposite of the electric potential at the external
surface of a homogeneous nonconductive sphere of equal size and orien-
tation. Thus

����� � ���R, �� �
3

2
ER cos �. (B.14)

C. A prolate spheroidal cell

With a prolate spheroid placed into a homogeneous electric field with the
polar radius parallel to the electric field vector, we derive the spatial

distribution of the electric potential in the prolate spheroidal coordinate
system {(u, �, 	) � �3 : u 
 0, 0 � � � �, 0 � 	 � 2�} with the
coordinates defined by

x � a cosh u cos �, y � a sinh u sin � cos 	,

z � a sinh u sin � sin 	,
(C.1)

where 2a is the distance between the foci.
For geometries with x-axial symmetry, the electric potential is indepen-

dent of 	. We can then write �(u, �) instead of �(u, �, 	), and Laplace’s
equation reads

�2�

�u2 � coth u
��

�u
�

�2�

��2 � cot �
��

��
� 0. (C.2)

The first such case is the electric potential distribution in uniform space.
This distribution, which we denote by �0, is linear, and for a field parallel
to the x-axis it can be written in prolate spheroidal coordinates as

�0�u, �� � �Ea cosh u cos �. (C.3)

While a sphere is described solely by its radius, two parameters are needed
to characterize a prolate spheroid, and there are two equivalent ways to
accomplish this. In the first one, we define the distance a between the foci
and the value U that describes the surface of the prolate spheroid for the
chosen a as u � U. An alternative approach is to define the polar radius R1

and the equatorial radius R2 of the prolate spheroid. While the first
characterization is better suited to the coordinate system, the second is
more intuitive, as it resembles the characterization of a sphere. The two are
bijectively related:

R1 � a cosh U; R2 � a sinh U; (C.4)

a � �R1
2 � R2

2 ; U � arctanh
R2

R1
� log�R1 � R2

R1 � R2
. (C.5)

We now place a prolate spheroid into the field so that its polar (i.e., larger)
radius lies on the x-axis, and its center coincides with the origin of the
coordinate system. Again, we have x-axial symmetry, and by solving for �
in a separable form

��u, �� � G�u�H���, (C.6)

Eq. C.2 becomes

G	�u� � coth u G
�u�

G�u�
� �

H	��� � cot � H
���

H���
. (C.7)

The left-hand side of Eq. C.7 is at any value of u equal to the right-hand
side at any value of �, which is only possible if they equal the same
constant, which we denote by K. This splits Eq. C.7 into two ordinary
differential equations

�G	�u� � coth u G
�u� � KG�u� � 0

H	��� � cot � H
��� � KH��� � 0
(C.8)

Far from the spheroid, the field is homogeneous and thus it follows from
Eq. C.3 that G(u) � cosh u. Such G(u) is obtained from Eq. C.8 only if K �
2, and in that case

G�u� � C1 cosh u � C2�1 � cosh u log�cosh u � 1

cosh u � 1�.

(C.9)
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H��� � C3 cos � � C4�1 � cos � log�1 � cos �

1 � cos �
�.

(C.10)

with C1, C2, C3, C4 constants, of which C4 must be zero, since H(�) is
continuous and bounded on [0, �], and therefore

H��� � C3 cos �. (C.11)

We now join the functions given by Eqs. C.9 and C.11 according to Eq. C.6
and get

��u, �� � A cosh u cos �

� B�1 � cosh u log�cosh u � 1

cosh u � 1�cos �. (C.12)

with A, B constants.
Since we treat the membrane as nonconductive, we proceed as de-

scribed in the Methods section, looking for the electric potential distribu-
tion inside and outside a homogeneous nonconductive prolate spheroid. Let
u � U describe the surface of the prolate spheroid. Both inside and outside
the spheroid, the electric potential distribution is given by a function of the
general form of Eq. C.12, but with different values of A and B. We
therefore write

��u, ��

� �
�i�u, �� � Ai cosh u cos �

0 � u � U
� Bi�1 � cosh u log�cosh u � 1

cosh u � 1�cos �;

�e�u, �� � Ae cosh u cos �

U � u
� Be�1 � cosh u log�cosh u � 1

cosh u � 1�cos �;

(C.13)

Applying the conditions of continuity and an additional assumption that
�m � 0, we get the constants in Eq. C.13,

Ai � �
Ea sech U

cosh U � log�coth�U/2��sinh2U
, (C.14)

Bi � 0,

Ae � �Ea,

Be � �
Ea

log�coth�U/2�� � coth U csch U
.

With a nonconductive membrane surrounding a prolate spheroid, the
induced transmembrane voltage is the opposite of the electric potential at
the external surface of a homogeneous nonconductive spheroid of equal
shape and orientation. This gives

����� � ���U, ��

�
Ea

cosh U � log�coth�U/2��sinh2U
cos �. (C.15)

To compare Eq. C.15 to its analog for a sphere given by Eq. 1, we must
express the remaining variable, the coordinate �, as a function of �. There

is a bijective relation between the prolate spheroidal coordinates used in
this section and spherical coordinates (r, �, 	) � �3 used in Appendix B:

u�r, �� � ��arccosh
rei�

a �;

(C.16)

��r, �� � ��arccosh
rei�

a �;

r�u, �� � a�cosh2u � cos2�

2
; (C.17)

��u, �� � arctan�cosh u cos �, sinh u sin ��.

Let � denote the surface of the prolate spheroid. There, r is related to � as

r����� �
R1R2

�R1
2sin2� � R2

2cos2�
, (C.18)

where R1 is the polar, and R2 the equatorial radius of the spheroid. Inserting
this relation into Eq. C.16 and applying Eq. C.5, we can write the value of
� at the surface of � as

������ � ��arccosh
R1R2e

i�

��R1
2 � R2

2��R1
2sin2� � R2

2cos2���.

(C.19)

After a trigonometric expansion of the complex term in Eq. C.19 and some
calculation, we obtain

������ � arccos
R2cos�

�R1
2sin2� � R2

2cos2�
. (C.20)

It also follows from Eq. C.5 that

a

cosh U � log�coth�U/2��sinh2U

�
R1

2 � R2
2

R1 �
R2

2

�R1
2 � R2

2 log
R1 � �R1

2 � R2
2

R2

. (C.21)

Introducing Eqs. C.20 and C.21 into Eq. C.15, we can now formulate in
spherical coordinates the transmembrane voltage induced on a prolate
spheroid

����� � E
R1

2 � R2
2

R1 �
R2

2

�R1
2 � R2

2 log
R1 � �R1

2 � R2
2

R2

R2cos�

�R1
2sin2� � R2

2cos2 �
.

(C.22)

D. An oblate spheroidal cell

With an oblate spheroid placed into a homogeneous electric field with the
polar radius parallel to the electric field vector, we derive the spatial
distribution of the electric potential in the oblate spheroidal coordinate
system {(u, �, 	) � �3 : w 
 0, 0 � � � �, 0 � 	 � 2�} with the
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coordinates defined by

x � a sinh w cos �,

(D.1)y � a cosh w sin � cos �,

z � a cosh w sin � sin �,

where 2a is the distance between the foci.
For geometries with x-axial symmetry, the electric potential is indepen-

dent of �. We can then write �(w, �) instead of �(w, �, �), and the
Laplace’s equation reads

�2�

�w2 � tanh w
��

�w
�

�2�

��2 � cot �
��

��
� 0. (D.2)

The first such case is the electric potential distribution in uniform space.
This distribution, which we denote by �0, is linear, and for a field parallel
to the x-axis it can be written in oblate spheroidal coordinates as

�0�w, �� � �Ea sinh w cos � (D.3)

As with a prolate spheroid, two parameters are needed to characterize an
oblate spheroid, and this can be accomplished either by defining the
distance a between the foci and the surface of the oblate spheroid (for the
chosen a) as w � W, or by the polar radius R1 and the equatorial radius R2

of the oblate spheroid. The two characterizations are bijectively related:

R1 � a sinh W; R2 � a cosh W; (D.4)

a � �R2
2 � R1

2 ; W � arctanh
R1

R2
� log�R1 � R2

R2 � R1
. (D.5)

We now place an oblate spheroid into the field so that its polar (i.e.,
smaller) radius lies on the x-axis, and its center coincides with the origin of
the coordinate system. Again, we have x-axial symmetry, and by solving
for � in a separable form

��w, �� � G�w�H���, (D.6)

Eq. D.2 becomes

G��w� � tanh w G��w�

G�w�
� �

H���� � cot � H����

H���
. (D.7)

The left-hand side of Eq. D.7 is at any value of w equal to the right-hand
side at any value of �, which is only possible if they equal the same
constant, which we denote by K. This splits Eq. D.7 into two ordinary
differential equations

�G��w� � tanh w G��w� � KG�w� � 0

H���� � cot � H���� � KH��� � 0
(D.8)

Far from the spheroid, the field is homogeneous and thus it follows from
D.3 that G(w) � sinh w. Such G(w) is obtained from Eq. D.8 only if K �
2, and in that case

G�w� � C1 sinh w � C2�sinh w arccot�sinh w� � 1�. (D.9)

H��� � C3 cos � � C4�1 � cos � log�1 � cos �

1 � cos �
�.

(D.10)

with C1, C2, C3, C4 constants, of which C4 must be zero, since H(�) is
continuous and bounded on [0, �], and therefore

H��� � C3 cos �. (D.11)

We now join the functions given by Eqs. D.9 and D.11 according to Eq.
D.6 and get

��w, �� � A sinh w cos �

	B�sinh w arccot�sinh w� � 1�cos �. (D.12)

with A, B constants.
Since we treat the membrane as nonconductive, we proceed as de-

scribed in the Methods section, looking for the electric potential distribu-
tion inside and outside a homogeneous nonconductive oblate spheroid. Let
w � W describe the surface of the oblate spheroid. Both inside and outside
the spheroid, the electric potential distribution is given by a function of the
general form (D.12), but with different values of A and B. We therefore
write

��w, ��

� �
�i�w, �� � Ai sinh w cos � 0 � w � W

� Bi�sinh w arccot�sinh w� � 1�cos �;

�e�w, �� � Ae sinh w cos � W � w

� Be�sinh w arccot�sinh w� � 1�cos �;

(D.13)

Applying the conditions of continuity and an additional assumption that
	m � 0, we get the constants in Eq.D.13,

Ai � �
Ea csch W

arccot�sinh W�cosh2 W � sinh W
,

(D.14)Bi � 0,

Ae � �Ea,

Be � �
Ea

tanh W sech W � arccot�sinh W�
.

With a nonconductive membrane surrounding an oblate spheroid, the
induced transmembrane voltage is the opposite of the electric potential at
the external surface of a homogeneous nonconductive spheroid of equal
shape and orientation. This gives


���� � ���W, ��

�
Ea

arccot�sinh W�cosh2 W � sinh W
cos �. (D.15)

To compare Eq. D.15 to its analog for a sphere given by Eq. 1, we must
express the remaining variable, the coordinate �, as a function of 
. There
is a bijective relation between the oblate spheroidal coordinates used in this
section and spherical coordinates (r, 
, �) � �3 used in Appendix B:

w�r, 
� � ��arccosh
irei


a �;
(D.16)

��r, 
� �
�

2
� ��arccosh

irei


a �;
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r�w, �� � a�cosh 2w � cos 2�

2
;

(D.17)

��w, �� � arctan�sinh w cos �, �cosh w sin ��.

Let � denote the surface of the oblate spheroid. There, r is related to � as

r����� �
R1R2

�R1
2sin2� � R2

2cos2�
, (D.18)

where R1 is the larger, and R2 the smaller radius of the spheroid. Inserting
this relation into Eq. D.16 and applying Eq. D.5, we can write the value of
� at the surface � as

������ �
�

2

� ��arccosh
iR1R2e

i�

��R2
2 � R1

2��R1
2 sin2� � R2

2 cos2���. (D.19)

After a trigonometric expansion of the complex term in Eq. D.19 and some
calculation, we obtain

������ �
�

2
� arcsin

R2cos�

�R1
2 sin2� � R2

2 cos2�

� arccos
R2cos�

�R1
2 sin2� � R2

2 cos2�
. (D.20)

It also follows from Eq. D.5 that

a

arccot�sinh W�cosh2W � sinh W

�
R2

2 � R1
2

R2
2

�R2
2 � R1

2 arccot
R1

�R2
2 � R1

2 � R1

. (D.21)

Introducing Eqs. D.20 and D.21 into Eq. D.15, we can now formulate in
spherical coordinates the transmembrane voltage induced on an oblate
spheroid

�����

� E
R2

2 � R1
2

R2
2

�R2
2 � R1

2 arccot
R1

�R2
2 � R1

2 � R1

R2cos �

�R1
2 sin2� � R2

2 cos2�
.

(D.22)
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Evaluation of Cell
Membrane Electro-
permeabilization by
Means of a Nonpermeant
Cytotoxic Agent

BioTechniques 28:921-926 (May 2000)

ABSTRACT

For the evaluation of cell membrane
electropermeabilization, cells are usually
exposed to electric pulses in the presence of
propidium iodide, a fluorescent dye activat-
ed by binding to cellular DNA. The fraction
of permeabilized cells is then determined
using a flow cytometer. This widely estab-
lished method has several drawbacks: (i) an
arbitrary choice of minimum fluorescence
intensity for characterization of permeabi-
lized cells; (ii) the inability to detect cells
disintegrated because of intense electroper-
meabilization; and (iii) false detection of
cellular ghosts devoid of fluorescence be-
cause of leakage of DNA caused by elec-
tropermeabilization. Here, we present a
simple and inexpensive method that elimi-
nates these drawbacks. The method is based
on the use of a cytotoxic agent that cannot
permeate through an intact plasma mem-
brane and thus leads to selective death of
the electropermeabilized cells. The amount
of nonpermeabilized cells is then deter-
mined by a suitable viability test. Bleomycin
at a 5-nM concentration causes no statisti-
cally significant effect on cell survival in the
absence of electric pulses, yet this concen-
tration is sufficient for lethal toxicity in
electropermeabilized cells. The amount of
cells surviving the exposure relative to the
control gives a reliable value of the fraction
of nonpermeabilized cells.

INTRODUCTION

Exposing cells to electric pulses can
render their plasma membranes perme-
able to otherwise nonpermeant mole-
cules. This phenomenon, referred to as
membrane electropermeabilization
(sometimes called electroporation), de-
pends on the number of pulses deliv-
ered, pulse duration and pulse ampli-

tude. With these parameters properly
chosen, electropermeabilization is re-
versible, and the cells return to their
normal physiological state. Internaliza-
tion of various molecules using this
method has found applications in oncol-
ogy (9), genetics (11), immunology (7)
and cell biology (4).

Before the method is routinely used,
pulse parameters for the best possible
yield of reversible permeabilization
have to be determined. In general, with
a given number and duration of pulses,
pulse amplitudes that are too low do not
lead to permeabilization at all, while
amplitudes that are too high lead most-
ly to irreversible permeabilization and
therefore to cell death. Quantitatively,
this can be characterized by two pulse
amplitudes, as shown in Figure 1—the
first leading to permeabilization of 50%
of the cell population (P50%) and the
second leading to death of 50% of the
cell population (D50%).

D50% is determined by the viability
of the cells exposed to electric pulses;
this is easily assessed either by their
cloning efficiency (13) or by an MTT
assay (5). P50% is usually evaluated
through the uptake of propidium io-
dide, a fluorescent dye activated by
binding to DNA (2). Other dyes some-
times used for this purpose include try-
pan blue (14) and lucifer yellow (6).
The latter two methods, however, have
considerable weaknesses. Namely, try-
pan blue is a stain actively excluded
from living cells, and the process of ex-
clusion depends on the level of cellular
ATP. Since the latter is perturbed by
electropermeabilization, this biases a
quantitative evaluation. Lucifer yellow
fluoresces both inside and outside the
cell, and thus the cell suspension has to
be washed and centrifuged two or three
consecutive times before the measure-
ment. Because the centrifugations are
performed immediately after electrop-
ermeabilization, this might lead to the
death of certain cells that would other-
wise survive the treatment. 

Because propidium iodide binds to
cellular DNA, it remains in the cell once
internalized. In addition, propidium io-
dide only fluoresces when internalized,
and thus no washing of the cell suspen-
sion after the exposure to electric pulses
is required. The percentage of perme-
abilized cells is then efficiently mea-

sured on a flow cytometer (12). Because
of this, the propidium iodide method is
widely established today. However, de-
spite its advantages over the alternative
methods, it has three substantial draw-
backs (Figure 2): (i) though various
calibrations can be performed, the mini-
mum fluorescence intensity for charac-
terization of electropermeabilized cells
is largely chosen arbitrarily; (ii) the
cells that disintegrated because of in-
tense electropermeabilization cannot be
detected, which biases the calculated
percentage of electropermeabilized
cells; and (iii) the cellular ghosts that
are devoid of fluorescence because of
leakage of DNA caused by electroper-
meabilization are incorrectly detected
as nonpermeabilized cells.

Here, we present a simple and inex-
pensive method that eliminates the
drawbacks of the propidium iodide
method. Exposure to electric pulses in
the presence of bleomycin, a cytotoxic
agent that cannot permeate through an
intact plasma membrane (10), leads to
selective death of the electropermeabi-
lized cells, and the survival is deter-
mined by the cloning efficiency. In the
absence of electric pulses, a 5-nM con-
centration of bleomycin causes no sta-
tistically significant effect on cell sur-
vival, yet this concentration is sufficient
for lethal toxicity in electropermeabi-
lized cells. The cloning efficiency nor-
malized to the control gives a reliable
value of the fraction of nonpermeabi-
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Figure 1. Electropermeabilization (solid) and
cell death (dashed) as functions of electric
pulse amplitude (a hypothetical situation).
Pulse amplitude is best evaluated as the voltage-
to-distance ratio. We denote the pulse amplitudes
corresponding to 50% values on the two curves
as the P50% and D50%. If permeabilization is as-
sumed to be the only reason for cell death, re-
versibly permeabilized cells occupy the entire
area between the two curves (hatched).
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lized cells. By subtracting this value
from 100% at each pulse amplitude,
one obtains the cell permeabilization as
a function of the pulse amplitude. As
with the propidium iodide method,
P50% can then be assessed by nonlinear
regression of the experimental data.

MATERIALS AND METHODS

Cells

DC3F cells, a line of spontaneously
transformed Chinese hamster fibrob-
lasts (3), were grown in monolayers at
37°C and 5% CO2 in a Universal Jack-
eted Incubator (Forma Scientific, Mari-
etta, OH, USA). Flasks (150 cm2) were
used for general cultivation, and 60-
mm petri dishes were used for cloning
efficiency assays (both from TPP,
Trasadingen, Switzerland). The culture
medium consisted of Eagle minimum
essential medium (EMEM) 41090 sup-
plemented with 10% fetal bovine
serum (both from Life Technologies,
Rockville, MD, USA), 100 U/mL peni-
cillin and 125 µg/mL streptomycin
(both from Sarbach/Solvay Pharma,
Brussels, Belgium). 

Exposure to Electric Pulses

After trypsination with trypsin-
EDTA (Life Technologies), cells were
centrifuged for 5 min at 1000 rpm in a
C312 centrifuge (Jouan, Saint
Herblain, France) and resuspended at 2
× 107 cells/mL in Spinner minimum es-
sential medium (SMEM) 21385; (Life
Technologies), which is a calcium-de-
pleted modification of EMEM. A 50-
µL droplet of the cell suspension was
placed between two flat stainless steel
electrodes 2 mm apart, and monophasic
rectangular electric pulses were then
applied with a GHT 1287B electropul-
sator (Jouan).

Determination of Electropermeabi-
lization with Propidium Iodide

Before the exposure to electric puls-
es, propidium iodide was added to the
suspension in the amount leading to
100-µM propidium iodide concentra-
tion. After the exposure, cells were in-
cubated for 10 min and resuspended in

PBS (Life Technologies). A FACSort
flow cytometer (Becton Dickinson,
Franklin Lakes, NJ, USA) was used to
assess the percentage of permeabilized
cells (Figure 2). Excitation was set at
488-nm wavelength and emission was
detected at 640 nm.

Determination of Electropermeabi-
lization with Bleomycin

Before the exposure to electric puls-
es, bleomycin (Laboratoires Roger Bel-
lon, France) was added to the suspen-
sion in the amount leading to a 5-nM
bleomycin concentration. After the ex-
posure, cells were incubated for 10 min
at room temperature and then resus-
pended in SMEM. After an additional
30 min, cells were diluted in the culture
medium to 100 cells/mL, and 4 mL sus-
pension were transferred into each 60-
mm petri dish where the cells were
grown for five days. Cells were then
fixed by a 15-min exposure to 100%
ethanol (Carlo Erba Reagenti, Milan,
Italy) and stained for 15 min with 1%
crystal violet (Sigma). Clone colonies
were counted and normalized to the

control (no pulses) to get the percent-
age of cells surviving the exposure to
electric pulses in suspension with 5 nM
bleomycin. By subtracting this percent-
age from 100%, the percentage of per-
meabilized cells was obtained.

Treatment of Experimental Data

All experiments were repeated three
times at intervals of several days or
more. For each experimental point,
mean and standard deviation (N-1)
were determined. Using nonlinear re-
gression, the data obtained by the pro-
pidium iodide method were fitted to a
four-parameter sigmoid curve

yMAX–yMINEq. 1  y(x) = yMIN+ ______________
1 +exp[(xc-x)/b]

where x is the pulse amplitude, y is the
percentage of permeabilized cells,
while xc, yMIN, yMAX and b are the four
parameters determining the shape of
the sigmoid curve. Similarly, the data
obtained by the bleomycin method
were fitted to a two-parameter sigmoid
curve 

100%Eq. 2  y(x) = ____________
1+exp[(xc-x)/b]

with x and y as above, and xc =
P50%(bleomycin) and b the two para-
meters of the sigmoid curve. The use of
a two-parameter sigmoid curve is justi-
fied by the fact that the bleomycin
curves always span from 0%–100%.
Furthermore, the parameters obtained
by fitting the same data to both sigmoid
curves differ only insignificantly (e.g.,
the values of P50% differ by less than
one part in a hundred).

RESULTS

Cell membrane electropermeabiliza-
tion as assessed by the propidium io-
dide method and by the bleomycin
method was determined for monopha-
sic rectangular pulses with four typical
sets of parameters: one 100-µs pulse,
one 1-ms pulse, eight 100-µs pulses
with 1-Hz repetition frequency and
eight 1-ms pulses with 1-Hz repetition
frequency. Figure 3 shows the results of
these measurements.
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Figure 2. An example of a flow cytometer plot
in the evaluation of electropermeabilization
with the propidium iodide method. The x-axis
gives the forward scattering (reflecting the size)
of the analyzed particle (FSC-H), and the y-axis
gives its fluorescence (FL2-H); both are in arbi-
trary units. Above the horizontal limiter, the par-
ticles have sufficient fluorescence to qualify as
permeabilized, while to the right of the vertical
limiter, the particles are large enough to qualify
as cells. Debris of the cells disintegrated by in-
tense permeabilization is mostly found in the
thick cloud in the top left quadrant, and the
ghosts devoid of DNA are in the bottom right
quadrant. The measurement shown above was
obtained with one monophasic rectangular pulse
of 1-ms duration and 1200 V/cm amplitude.
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DISCUSSION

The bleomycin method introduced in
this paper has several advantages com-
pared with the established propidium io-
dide method. The first of these advan-
tages is shown in Figure 3, where the
bleomycin (“BLM”) curve spans from
0%–100%, as expected, while the pro-
pidium iodide (“PI”) curve always starts
above 0% and often ends below 100%.
The reasons for these differences are ex-
plained in the following paragraphs.

0% Minimum of the Bleomycin
Method

It must be stressed that the 0% mini-
mum of the bleomycin curves is not a
biased artifact introduced by calcula-
tion. Without electric pulses, the viabil-
ity of the cells is not affected even after
an 18-h incubation in a culture medium
containing 7000-nM bleomycin con-
centration (1). Likewise, the differen-
ces between the cloning efficiency of
nonpulsed cells kept in pure suspension
and of nonpulsed cells exposed to 5 nM
bleomycin for the time of the experi-
ment are statistically insignificant (data
not shown). With no exposure to elec-
tric pulses, the 5-nM bleomycin meth-
od gives 0% electropermeabilization,
as expected.

Above-0% Minimum of the
Propidium Iodide Method

Cell suspensions necessarily contain
a certain fraction of dead cells, essen-
tially due to stress suffered in the han-
dling during the experimental proce-
dure. Since they are not killed by
electric pulses, they should be omitted
from the evaluation of both cell perme-
abilization and cell death caused by
electric pulses. The bleomycin method
excludes these cells automatically be-
cause they represent the same fraction
in the control as in the assays where
pulses are delivered. In the propidium
iodide method, those dead cells that
have not yet disintegrated fluoresce and
appear as electropermeabilized. This
inevitably gives an above-zero fraction
of electropermeabilized cells in every
assay including the control, though
electropermeabilization obviously can-
not occur if no pulses are delivered.

The propidium iodide curve is often
scaled to start at 0% by subtracting the
number of cells detected as permeabi-
lized in the control from those detected
as permeabilized in each assay. This
approach can nevertheless be ques-
tioned, as its results depend on the cho-
sen value of the minimum fluorescence
of electropermeabilization (Figure 2).

100% Maximum of the Bleomycin
Method

The bleomycin curve always reach-
es 100%, which implies that all the
cells are electropermeabilized at the
corresponding pulse amplitude. This is
also supported by the fact that the
100% values are reached at pulse am-
plitudes significantly below those
found to cause 100% cell killing in the
medium with no bleomycin (8). It must
be noted that for cell lines with an ele-
vated ability of DNA repair, 5 nM

bleomycin might not suffice for the
death of all electropermeabilized cells.
This would result in a below-100%
maximum of the bleomycin curve. In
these cases, the lowest concentration of
bleomycin that yields a 100% maxi-
mum should first be determined, and
this concentration should be used for a
fully functional method.

Below-100% Maximum of the
Propidium Iodide Method

Even at very high pulse amplitudes,
the bottom right quadrant of the flow
cytometer plot often contains a certain
number of particles. These are most
probably cellular ghosts devoid of
DNA (and thus of fluorescence), which
can be the remnants of intensively elec-
tropermeabilized cells. Unlike the
bleomycin curve, the propidium iodide
curve often does not reach 100%,
which does not reflect the reality.
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Figure 3. Electropermeabilization as a function of pulse amplitude determined by the bleomycin
(BLM) method (◊◊) and by the prodium iodide (PI) method (•). The symbols denote the means, and
the error bars are the standard deviations. In each graph, a two-parameter sigmoid curve is fitted to
bleomycin data (solid), and a four-parameter sigmoid curve is fitted to propidium iodide data (dashed).
For both methods, the sigmoid curves define the corresponding values of P50%, which are also displayed.
Cell death caused by the pulses alone (i.e., in the absence of bleomycin) only became detectable above
1600 V/cm at 1 × 100-µs pulse, above 1200 V/cm at 8 × 100-µs and 1 × 1000-µs pulses and above 600
V/cm at 8 × 1000-µs pulses (data not shown). With the exception of the last, these pulse amplitudes are
far above the respective P50% values.



Other Features of the Bleomycin
Method

The second advantage of the bleo-
mycin method is correct detection of
cells disintegrated because of intensive
electropermeabilization. The bleomy-
cin method determines cell survival,
and the disintegrated cells are evidently
included along with the other dead
cells. In contrast, the propidium iodide
method detects the disintegrated cells
in the debris in the top left quadrant. To
classify them correctly as permeabi-
lized cells, the number of cells would
have to be reconstructed out of the
number of debris particles, which is
clearly an impossible task.

The third advantage of the bleo-
mycin method is that it needs no arbi-
trarily chosen limit for the classification
of permeabilized cells. With the propid-
ium iodide method, the lower limit of
fluorescence intensity must be chosen

manually, and an appropriate choice is
based entirely on experience. In addi-
tion, fluorescence can be affected by the
experimental conditions and can also
differ between cell lines. The effect of
the manual choice of the fluorescence
limit is demonstrated in Figure 3, where
the P50% values given by the propidium
iodide method are invariably higher
than the ones provided by the bleomy-
cin method. If a lower value of the limit-
ing fluorescence is chosen, the propidi-
um iodide curves are shifted to the right.

The bleomycin method successfully
eliminates these drawbacks of the pro-
pidium iodide method, but the latter
method still has its merits. First, based
on the fluorescence intensity, the pro-
pidium iodide method gives an insight
into the distribution of the uptake
among the cell population (Figure 2).
Second, when the results have to be ob-
tained very rapidly, the propidium io-
dide method only takes hours, while the

cloning efficiency determination in the
bleomycin method requires five days.

Finally, the fourth advantage of the
bleomycin method lies in its affordabil-
ity. No sophisticated equipment is
needed, and a single package of bleo-
mycin, if properly repacked and stored
(e.g., frozen), can last for thousands of
experiments.
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