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Abstract. Let M(z) = >, _ _ u(n) where p(n) is the Mdbius func-

tion. The Mertens conjecture that |[M(z)|/\/z < 1 for all z > 1 was
disproved in 1985 by Odlyzko and te Riele [13]. In the present paper, the
known lower bound 1.06 for limsup M (z)/+/z is raised to 1.218, and the
known upper bound —1.009 for lim inf M (z)/+/z is lowered to —1.229. In
addition, the explicit upper bound of Pintz [14] on the smallest number
for which the Mertens conjecture is false, is reduced from exp(3.21 x 10%%)
to exp(1.59 x 1040). Finally, new numerical evidence is presented for the

conjecture that M(z)/v/z = 24+ (v/logloglog ).

1 Introduction

The Mobius function p(n) is defined as follows

1 ifn=1,
u(n) == 0 if n is divisible by the square of a prime number,
(—=1)F if n is the product of k distinct primes.

Taking the sum of the values of p(n) for all 1 < n < z, we obtain the function

1<n<z

which is the difference between the number of squarefree positive integers n < x
with an even number of prime factors and those with an odd number of prime
factors. The Mertens conjecture [11] states that

\M(z)|/vz <1 forz > 1.
This, but also the weaker assumption
\M(z)|/v/z < C for x > 1 and some C > 1 (1)

would imply the truth of the Riemann hypothesis. The Mertens conjecture was
shown to be false by Odlyzko and te Riele in 1985 [13]. They proved the existence
of some z for which M(z)/+/x > 1.06, and some other = for which M (z)/vz <
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—1.009. In 1987, Pintz [14] gave an effective disproof of the Mertens conjecture
by showing that |M(z)|/\/z > 1 for some x < exp(3.21 x 10%*). Nowadays, it is
generally believed that the function M (z)/+/x is unbounded, both in the positive
and in the negative direction. In [8], for example, it is conjectured that

M(z)/Vx = 2+ (y/logloglog z). (2)

In this paper, we improve the above results by showing that there exists an «
for which M(z)/y/z > 1.218 and an  for which M (z)//z < —1.229 (Section 2),
and that there exists an z < exp(1.59 x 10%%) for which the Mertens conjecture
is false (Section 3). In addition, we provide new numerical evidence to support
(2) (Section 4).

Notation The complex zeros of the Riemann zeta function are denoted by
pj = % + 47, (we work in the range where the Riemann hypothesis is known to
be true) with v, = 14.1347... and 7; < 7¥j+1, j = 1,2,.... Furthermore, we write
¥; = arg p;¢’(p;) and a; = |p;¢’(p;)|~*. We also consider the zeros p; ordered
according to non-increasing values of a;, and denote them by p; = % + 7]
with the corresponding quantities ¢}, a}, j = 1,2,.... For example, the first five
p;’s coincide with the first five p;’s, but pg = p7, p7 = p1o, and pg = ps (with
af = a7 =0.0163...,0% = a3 = 0.0141... and af = ag = 0.0137...).

2 Improvement of the upper and lower bounds for

M(2)//@
2.1 Background

We describe the approach which led to the disproof of the Mertens conjecture
and which is the basis of the experiments which we have carried out to extend
the results of Odlyzko and te Riele concerning the function M (z)/+/x.

For large z, computational results on M (xz) are generally based on the fol-
lowing result due to Titchmarsh [18, Theorem 14.27].

Theorem 1. If all the zeros of the Riemann zeta-function are simple, then there
is an increasing sequence {T,} such that

~ lim LA ad “1(2n/z)%"
M(z) = lim, M%:Tn oC'(p) z:: ((2n+1) )

where R(x) = 2 — @ if x is an integer, and R(x) = 2 otherwise.

On the Riemann hypothesis, we have p = %—i—i’y, so that (3) can be rewritten
as

M(w): I cos(ylogz — ) O(z=1/2 4
Ve TR 2 Togr o W

where we have also taken into account that in Theorem 1, R(z) = O(1) and the
second series is O(z~2). Hence, as T increases, the sum in (4) will eventually
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converge to M(z)/+/x, with the remaining error on the order of magnitude of
1/y/z. However, very little is known about the rate of this convergence, as the
coefficients |p(’(p)\71 do not form a monotonically decreasing sequence, but
instead behave quite irregularly. For some values of  up to 104, this rate of
convergence has been studied computationally, and several thousands of terms
generally suffice to bring the error below 1% [8], but for much larger z this
approach is not feasible.

If instead of an isolated value of M (z)/+\/z, a weighted average of this function
in some z-range is of interest, the problem becomes somewhat more tractable.
Namely, in these cases the terms of the above sum are multiplied by a function
of bounded support, and the series in (3) is transformed into a finite sum. Two
such cases will appear in Theorems 2 and 3 below

We write z = e¥, —co < y < 00, and define

m(y) := M(:v):z;*l/2 = M(ey)e*y/Q,

and
m := limsupm(y), m :=liminfm(y).
Y—+00 Yy—>o0

Then we have the following [5-7, 13]

Theorem 2. Let

hy.T)=2 Y [(1—;>cos<w;>+w—lsin(7ﬂ)}W )

with
¥, =argp('(p),

where p = [ + iy are the compler zeros of the Riemann zeta function which
satisfy B = % and which are simple. Then for any yo,

and any value h(y,T) is approximated arbitrarily closely, and infinitely often, by

M(z)/ V.

Since
(1 —t)cos(mt) + 7 ‘sin(mt) > 0 for 0 <t < 1

and since it is known that > [p(’ (p)|~* diverges [18, Section 14.27], the sum of
the coefficients of cos(yy — 1) in (5) can be made arbitrarily large by choosing
T large enough. Consequently, if we could find a value of y such that all of the
vy —1. are close to integer multiples of 27, then we could make h(y, T') arbitrarily
large. This would contradict, by Theorem 2, any conjecture of the form (1). If the
~’s were linearly independent over the rationals, then by Kronecker’s theorem
(see, e.g., [4, Theorem 442]) there would indeed exist, for any ¢ > 0, integer
values of y satisfying

vy — ¢y — 2mm,| <€
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for all v € (0,7) and certain integers m.,. This would show that h(y,T), and
hence M(z)/+/x, can be made arbitrarily large. On the same assumptions, a
similar argument can be given to imply that h(y,T'), and hence M (z)/v/z, can
be made arbitrarily large on the negative side. No good reason is known why
among the +’s there should exist any linear dependencies over the rationals (see,
e.g., [1]).

The approach which actually led to a disproof of the Mertens conjecture was
based on the now well-known lattice basis reduction (L*-) algorithm of Lenstra,
Lenstra and Lovész [9] for finding short vectors in lattices. With this algorithm,
the above mentioned inhomogeneous Diophantine approximation problem could
be solved for a much larger number of terms in (5) than before. Any value of
y that would come out was likely to be quite large, viz., of the order of 1070 in
size. Therefore, it was necessary to compute the first 2000 +’s with an accuray of
about 75 decimal digits (actually, 100 decimal digits were used). The best lower
and upper bounds found for 7@ and m were 1.06 and —1.009, respectively.

2.2 Computation of new lower and upper bounds for M(z)/+/x
In order to find a y such that each of the numbers
nj = (vjy — ;) mod 2m, 1 < j <m, (6)

is small, Odlyzko transformed this problem into a problem about short vectors
in lattices, as described in [13]. The lattice L used is generated by the columns

V1,Vg, -+, Uy Of the following (n + 2) x (n + 2) matrix (here [z] means the
greatest integer < x):
Va2 Va2 0 ery/ai2] 0 . 0

Va5 [Vagi2 0 [Pryas2] . o

Va2 Warn2 0 o 0 . [myar2]
2vnt 0 0 0 0

0 1 0 0 0

where v is an integer satisfying 2n < v < 4n. The L3 algorithm produces a
reduced basis v}, v5,...,v;,,, for the lattice L, where each new basis vector is a
linear combination of the n+2 given basis vectors. Now the (n+1)-st coordinate
of v;, which has value 2“n?, is very large compared to all the other entries of
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the original basis. Since the reduced basis is a basis for the lattice L, it should
contain precisely one vector w which has a nonzero coordinate in the (n + 1)-st
position and that coordinate should be +2"n*. Without loss of generality this
may be taken to be 2“n*. Given the original lattice basis, the j-th coordinate of
this vector w equals, for 1 < j < n:

*x kor—10 PR T *x Ol
z[ o;v;2 } — [,/ajij ] —m; [27r,/aj2 }

and the (n + 2)-nd coordinate is z, for some integers z,my, ma, ..., my. If the
length of w is small, all of the

—10
a2 =\ Jagi2Y — my2m, fas2”

will be small, i.e., all of the

Bi = \/Zj(yv} — 5 — 2wm;)

will be very small, where y = 2/1024. The reason for the presence of the numbers

oz;? in the lattice basis is that we want to make the sum

n
Z o cos(vjy — ¥; — 2mm;)
j=1

large. If the cos-arguments are all close to zero, this sum will be approximately

n n

LTS ) YT/ M

Jj=1 Jj=1

and therefore we want the second sum to be small. This corresponds to mini-
mizing the euclidean norm of the vector (81,0a, .. .,3,) which is what the L3
algorithm attempts to do.

In order to obtain values of y for which h(y,T) will be negative, similar
lattices can be used with only one change, namely that ¢} is replaced by ¢ +,
so that the cosine-arguments mod 27 will be close to 7 and the cosine-values
close to —1.

We have applied the L? algorithm with the matrix (7) as input, for all the
combinations (v, n) in the range v = 8,9,...,400, n = [v/4],[v/4]+1,...,[v/2].
To this end we used the function ¢flll from the PARI/GP package [15]. For a given
v, the precision by which the computations were carried out was chosen to be
log,(2%) decimal digits. For each combination of v and n a number 2 = 2(v, n)
was generated as described above and we computed the local maximum of h(y, T)
as defined in (5) with y in the neighborhood of z/1024, and T = ~y19000. The 7;’s
were computed to an accuracy of about 250 decimal digits using the Mathematica
package [10], and, as a check, using the PARI/GP package. Figure 1 gives for
each v = 8,9,...,400 and for each value of z(v,n) which was found by the
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L3 algorithm, a scatter plot of the positive values of h(z(v,n)/1024, ya000). For
increasing values of v, the corresponding h-values are increasing on average, but
at a rate that seems to decrease. For the negative values of h the pattern is
very similar. Reaching 1.3 and —1.3 would likely require a value of v in the
neighborhood of 800.

=]

~

t
T

0.50

To(2/1024, 72000)

0.25 ¥ 1

0.00 Il Il Il
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v

FIGURE 1

For the most promising values of h obtained, we computed the local maxi-
mum resp. minimum of A(y, ¥10000) in the neighborhood of y = z/1024. On the
positive side, our champion (found with v = 379,n = 98) is

y = —233029271 5134531215 0140181996 7723401020 4456785091\
6681557518 6743434036 9240230890 8933261706 9029233958 2730162362.807965

with
(Y, Y10000) = 1.218429

and on the negative side, our champion (found with v = 396, n = 102) is

y = —1608 7349754400 0919817483 9640165505 4685212472 2284778177\
5539303027 5350690810 7957194829 6433602695 1442102295 3212754000.679958

with
h(y,v10000) = —1.229385.

Figure 2 compares the typical behaviour of M (e¥)/e¥/? (top) with the behaviour
of h(y,v10000) around the 1.218-spike (middle) and around the —1.229-spike
(bottom). Notice the four large negative spikes to the left and to the right of
the champion positive spike, and the four large positive spikes to the left and to
the right of the champion negative spike. This suggests that a very large spike
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in one direction is usually accompanied by several large spikes in the opposite
direction. Notice also that the bottom graph, when inverted with respect to the
horizontal axis, very much resembles the middle graph. This is explained by the
fact that the two functions plotted there are sums of cosines of which the first
98 main terms are aligned in Ay = 0.

Part of the L3—output was also used to reduce the upper bound for which the
Mertens conjecture is known to be false (Section 3) and for the computations
concerning the growth rate of M(x)/+/z (Section 4).

3 Reduction of the smallest known x for which

|M(z)/vz| > 1

Two years after Odlyzko and te Riele disproved the Mertens conjecture, Pintz
[14] published a theorem which gives an explicit upper bound for the smallest x
for which the Mertens conjecture is false:

Theorem 3. If there exists a y € [e7, e5><104] with

hp(y,T) := 2 Z 6*1-5“0_67“05(73{7_%) S 1440 (8)
0<~<T 1p¢' (p)]

for T = 1.4 x 10%, then |M(z)|/v/x > 1 for some x < e"tV7,

For the number y = yo ~ 3.2097 x 10 as given by Odlyzko and te Riele
in their Table 3 (line ¢ = 21) in [13], on request of Pintz, te Riele computed
hp(yo,T) and found the value —1.00223, which implies, by Pintz’s Theorem,
that the Mertens conjecture is false for some z < exp(3.21 x 10%4).

We have computed hp(y,T) for many smaller values of y, resulting from our
application of the L algorithm in Section 2.2, in order to attempt to further
reduce the upper bound for the smallest x for which the Mertens conjecture is
false. The smallest y for which we found a value of |hp(y, T)| > 1 + e~ is:

y = 15853191167 3595000428 9014722171 6268116204.984802
with hp(y,T) = —1.00819. This shows that there exists an
z < exp(1.59 x 10%0)
for which the Mertens conjecture is false. It is very likely that there is still
substantial room for improvement of this result. For example, in [8] it is suggested

that the first violation of the Mertens conjecture should occur not too far from
z ~ exp(5.15 x 1023).
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4 Estimation of the order of magnitude of M (x)/+/x

4.1 Existing results and conjectures

The strongest unconditional results on the order of magnitude of M(x) are of
the general form M (z) = o(z). Thus Walfisz [19] proved that

M(z) = O (x exp <—A(k()z)i?m1/5

3/5
>> for some A > 0

and Ford [2] has recently shown that we may take A = 0.2098. A proof of the
Riemann hypothesis would strengthen this to

M(z) = O(z'/?*%) for every ¢ > 0.

It is also known that
M(z) = 24 (z'/?)

and from the disproof of the Mertens conjecture by Odlyzko and te Riele it
follows that the multiplicative constant is larger than 1 into both the positive
and the negative direction. Nonetheless, the question whether M (x)/+/z is un-
bounded remains open, although many experts suppose that this is the case, and
some arguments in favor of this have been presented in Section 2.1. During the
last decades, several conjectures on the order of magnitude of M(zx)/\/z have
been set forth. Good and Churchhouse [3], as well as Lévy in a comment to
Saffari [17], have conjectured that

lim sup M@ C (9)

v—oo Vzloglogz

with C = @ = 1.1026... according to Good and Churchhouse, whereas

C = 67# = 0.8597... according to Lévy. Conjectures of the type (9) seem
questionable, however, both on theoretical grounds and because of very poor
agreement with experimental observations (see e.g. [13, p. 140] and [8, pp. 479-
480]). More recently, Ng [12], partly building on unpublished work by Gonek,

conjectured that
: |M ()|
1 =B 10
P z(log log log x)5/4 (10)

for some B > 0, while Kotnik and van de Lune [8] observed experimentally
that estimates of the largest positive and negative values of M(z)/y/z in the

range 10* < z < 100" are quite close to %\/log loglog = and —%\/log loglog z,
respectively. If this would also hold asymptotically, it would contradict both (9)
and (10). In a somewhat more conservative spirit, Kotnik and van de Lune finally

conjectured that

M(z)/v/x = 24+(y/logloglog x),
which is weaker than both (9) and (10), as these correspond to M(z)/\/z =
2(yv/Toglogz) and M(z)/v/z = 2((logloglog x)%/4), respectively.
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4.2 New results

Theorem 1 suggests that sums of the type

w2 Y )

/
0<y<T |PC

should, as T increases, eventually converge to the respective values of M (e¥)/+/eV.
As mentioned in Section 2.1, the essential problem of the estimation of M (e¥)/v/ev
by means of such sums is that their convergence can only be estimated empir-
ically. Observing that the sums obtained with the first ten thousand (-zeros
(T = ~10¢ = 9877.782...) and those obtained with the first million (-zeros
(T = 7106 = 600269.677...) consistently differ by less than 1% (see e.g. Ta-
bles 3 and 4 in [8], as well as Figure 4 in the same source), Kotnik and van de
Lune used these sums in estimating the largest positive and negative values of
M (z)/+/z in the range 10* < z < 100" (see previous subsection), and thereby
came to the observations mentioned in the preceding subsection. In terms of y,
the range they investigated is 9.210... < y < 23025850929.940..., and the esti-
mates were obtained by sampling the sums in y-increments of 0.0005, and then
searching for the local extrema if an exceptionally large value was found. While
this approach practically eliminated the possibility of missing an exceptionally
large positive or negative value, due to uniform y-increments a significant exten-
sion of this approach (e.g., to the smallest values of y for which |M (e¥)|/v/e¥ is
known to exceed 1; see Section 3) would be impossible.

As the L3 algorithm can be used to generate isolated y-values for which either
M(e¥)/v/e¥ or —M(e¥)/+/e¥ is likely to be very large, this offered a possibility
to considerably extend the estimation of the order of magnitude of M (e¥)/v/e¥
by means of the sums h;(y,T).

In Figure 3, we extend the study of Kotnik and van de Lune [8] with the
estimates hj(y,710¢) obtained in this manner. The hollow squares and circles
give the increasingly large values of M(e¥)/v/e¥ and hy(y,y10s), respectively,
obtained in [8], and the solid circles give the values of hj(y,719¢) found by the
L3 algorithm. We observe that also with y up to ~ 10'!° (i.e., v/loglogy up to
~ 2.35), the estimates of the largest positive and negative values of M (z)/+/z are
quite close to 7\/log loglog x and —7\/10g log log z, respectively. Nevertheless,
at the very largest y-values the positive and negative estimates appear to be
systematically somewhat above the first and somewhat below the second of these
two functions, respectively. This suggests that a further extension, perhaps to
y ~ 10599, could provide some additional insight into these observations.

5 Conclusions and discussion

We have presented improvements of lim sup M (z)/+/z and lim inf M (z)//x with
respect to the results obtained by Odlyzko and te Riele in 1985, and an improve-
ment of the upper bound of the smallest  for which |M(z)| > y/x with respect
to the result obtained by Pintz in 1987. The approach that led to our results
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was based on systematic application of the L? algorithm to a relatively extensive
set of combinations (v, n), and also on considerable increase in computing power
with respect to what was available to the researchers twenty years ago.

There are several directions in which our results could be improved further.
Concerning the limsup and liminf results, the methods described in Section 2
could be extended in an elementary manner to larger values of v and n, and as
we state in that section, values of v close to 800 would probably lead to lim sup
and liminf values close to 1.3 and —1.3, respectively. In contrast, a further
improvement of the upper bound of the first violation of the Mertens conjecture
would very likely require a strengthening of Theorem 3, in the sense of reducing
the value of the constant 1.5 x 107% in the exponent occurring in (8). Namely,
there are values of y smaller than the upper bound presented in Section 3 for
which the sum in (8) only falls short of exceeding 1 by a small amount. An
example is

y = 35499 1618091406 4844654619 4090311725.687444

for which
hp(y,1.4 x 10*) = 0.991549.

Finally, as we discussed in Section 4, the largest positive and negative estimates
of M(z)/\/z agree reasonably well with ,/Iogloglogz and —1./logloglogz,
respectively, throughout the investigated range, but the estimates close to the
very end of this range slightly, yet consistently exceed these two functions. An
extension of the study presented here should clarify whether this behavior con-
tinues, and perhaps becomes more pronounced at even larger x.
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